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Abstract
Metamaterials is a class of materials that do not exist naturally. This kind of material
has interesting properties that differ from subclass to another and are researched for
its numerous potential usages. One of these subclasses is negative index materials
(NIMs). This subclass has special properties that make its refractive index negative.
Trying to take advantage of this property in photonic structures has led to many new
and interesting photonic structures that can be used in industry. One application
that makes use of NIMs properties is the NIM-PIM DC. NIM-PIM DC, which is
a photonic structure that is made of two parallel waveguides where one of them is
made of PIM materials while the other one is made of NIM materials with a coupling
region between them, can provide some new features to photonic circuits, and one
of these features is optical feedback. So, it can be used in a photonic devices and
components that need a feedback.
This thesis studies for the first time the ability to manage and control the las-
ing behavior of an active NIM-PIM DC by changing the coupling between the two
waveguides. starting from coupled-mode equations considering the structure's limi-
tations and conditions, the lasing governing equations have been derived, analyzed,
and tested using mathematical forms and MATLAB plots. The governing equations
that are studied here are eigen-value, transmittivity, and reflectivity equations of a
NIM-PIM DC structure.
Many different cases have been investigated and demonstration of single mode
and multimode lasing behavior has been reported. These cases include the variation
in waveguide gain, loss, and variation of possible coupling coefficients. A full and
complete image of NIM-PIM DC lasing behavior of all possible variation in gains
and coupling coefficients has been clearly reported for the first time.
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CHAPTER 1
1 Introduction
1.1 Metamaterials
Metamaterials is a term used to refer to the materials that are artificially engineered
and containing nanostructures which give these structures specific and remarkable
properties [1]. The term Meta itself has been given several meanings, and some of
these meanings are altered changed and higher beyond. According to the above
definitions of the prefix Meta, people have several definitions that describe these
structures, and when they are used together, give the reader a good imagine about
it. Some of these definitions include:
• Any material that can have their electromagnetic properties altered to some-
thing beyond what can be found in nature.
• Any material composed of periodic macroscopic structures to achieve a desired
electromagnetic response.
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Structures that have metamaterials properties are usually made from two or more
different materials and they are made to be periodic with a period being small com-
paring to the wavelength of light that passes the structure. In physics, metamaterials
are the materials with negative or zero refractive index nr . This negative refractive
index can be achieved when both permittivity r and permeability µr are negative.
This combination of negative r and negative µr cannot be found naturally in any
material.
The first metamaterial was used in the microwave spectrum, and the first form
of it relied on a combination of split-ring resonators (SRRs) and conducting wires.
SRRs were used to generate the desired µr and the conducting wires used to gener-
ate the desired r . These days, metamaterials have become almost the hottest field
of research in many scientific disciplinarians such as physics, optics, and photon-
ics engineering. Their applications have shown success in different types of optical
and microwave devices such as modulators, band-pass filters, lenses, couplers, split-
ters, and antenna systems. Furthermore, the lower density and small size of these
structures have promised to introduce lighter and smaller devices and systems while
advancing and enhancing the overall performance.
While microwave radiation needs metamaterial structures that can be on order
of millimeters, other applications in photonic and optics need structures to be less
than the light wavelength [19]. This introduces some limitations and challenges that
these structures face. A first difficulty with metamaterials is the operation at short
wavelengths. i.e, we are going to use a very fine structures with period are still below
the optical wavelength. Some lithographic techniques are just sufficient to fulfill that
condition with the visible light wavelengths. Other techniques such as direct laser
writing can also be employed. The speed of such fabrication methods may limit
the size of the parts made within a reasonable time. More fundamental limitations
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arise from the properties of the materials itself. In particular, there are no perfect
conductors for frequencies of hundreds of terahertz. Therefore, particularly devices
for the highest frequencies exhibit relatively high optical losses.
Metamaterials are classified into six categories as follows:
• Negative index materials.
• Single negative metamaterials.
• Electromagnetic band-gap metamaterials.
• Double positive media.
• Bi-isotropic and bi-anisotropic metamaterials.
• Chiral metamaterials.
In this thesis, negative index metamaterials have been investigated and studied in
some specific photonic structures.
1.2 Negative index materials (NIMs)
The NIM idea was first introduced by a Russian physicist V. Veselago in 1967. The
main key of this kind of material was how to get a special material with negative
refractive index nr [20]. To obtain such a material, you need it to have a negative
permittivity r and negative permeability µr at the same time. To have such r and
µr , you have to consider many characters that r and µr depend on, and some of
these characters are:
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• Operating frequency.
• Propagation direction.
• Polarization state.
If both r and µr are negative (some people like to name it double-negative meta-
material), the refraction phenomenon at the interface between the vacuum and the
material is different. The refracted beam is not in the usual side as the positive-index
materials, the negative refractive index changes the sign of the angle in Snell's law.
Fig. (1.1) shows the difference between the positive-index and the negative-index
materials in terms of refraction phenomenon.
Figure 1.1: Reflection of light: positive-index and negative-index materials.
When a beam coming from vacuum hits a negative-index material (right side), the
refracted beam inside the medium is on the same side of the surface normal as the in-
cident beam. This is totally in contrast to the situation for ordinary positive-index
materials (left side). The normal can be defined as an imaginary line perpendicular
to the interface.
Nowadays, NIMs are being investigated and researched by many optical and non-
optical scientists. Their interesting properties and their potential future applications
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have placed it on the top of many research fields. Many applications that make use
of NIMs has reported, and many others are under study and investigation, and some
of these applications are:
• super-lens, reported by J. Pendry in 2000 [21].
• invisibility cloaks.
• optical nanolithography antennas with advanced properties of reception and
range.
1.3 NIM-PIM Directional Couplers
NIM-PIM DC is a photonic structure that consists of two parallel waveguides with
a coupling region. It looks like an ordinary PIM-PIM DC with only one difference
in their structures. While the PIM-PIM DC consists of two identical positive-index
wave guides, the NIM-PIM DC consists of a positive-index waveguide placed in
parallel with a negative-index waveguide. This special structure changes the way
that light usually acts in PIM-PIM DC. While the PIM-PIM DC introduces two
forward output signals, the NIM-PIM DC introduces one forward and one backward
output signal [11]. This property makes the NIM-PIM DC acts somehow like a
regular DFB resonator. This property makes it usable as a feedback device or optical
enhancement machine in some optical applications.
NIM-PIM DCs have been reported in terms of their linear and nonlinear behav-
ior before by some people, and some of the reported work include:
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• Alu and Engheta reported (2005): Governing equations of a linear NIM-PIM
directional coupler.
• Litchinitser , Gabitov, and Maimistov reported (2007): Governing equations
of a nonlinear NIM-PIM directional coupler. Optical bistability.
• Ara and Maywar reported (2011): Lasing behavior of a NIM-PIM directional
coupler with optical gain introduced. Considered symmetric coupling strength
between waveguides.
The present research is focused on how can this structure be used in some applications
like optical memory, optical switching, optical routing, optical filters, and all optical
digital signal processing.
1.4 Overview of Thesis
This thesis investigates, analyzes, and computes the mathematical equations that
govern both passive and active PIMs and NIMs structures like directional couplers
and distributed feedback resonators. The main goal we seek in this work is to report
the ability of control the lasing of an active NIM-PIM DC by using waveguides with
different coupling coefficients. The thesis is divided into four chapters, each chapter
discusses a specific point. These points can lead the reader through the thesis pages
smoothly. The first chapter is designed to enhance the reader knowledge about
some physical definitions for optical terms that are used in the thesis. In addition,
it discusses briefly the applications and limitations that face this field. Then the
chapter is ended by this overview which the reader can use to keep tracking and/or
manage his/her progress reading the whole or part of this work.
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The other three chapters have been designed to discuss the following main topics
respectively:
• Investigating, discussing, and understanding the main equations and behavior
of passive structures.
• Investigating, discussing, and understanding the main equations and behavior
of active structures.
• Investigating, discussing, and understanding the lasing behavior of active struc-
tures.
Through these three chapters, the governing equations have been derived and listed,
eign-values have been obtained. Transmittivity and reflectivity equations have been
derived and modeled using the MATLAB plots. This work is done for DFB res-
onator, PIM-PIM DC, and NIM-PIM DC for both passive and active structures and
with equal and different coupling coefficients in every single case. The last part
of the thesis is an appendix that shows coupled-mode equations' derivations and
conventions and some comparison between the discussed photonic structures.
7
.Chapter 2
2 Passive NIM-PIM DC with Different Coupling
2.1 Optical Waveguides and Coupled-Mode Theory
A specific structure that lies at the heart of the integrated photonic industry is called
an optical waveguide. An optical waveguide is a spatially differentiated structure that
guides light in a way the manufacturer needs. This special guidance of light restricts
propagation in specific directions within the boundaries of the structure [22]. This
precious operation (the light guidance) is usually achieved by making a structure
with a lower refractive index material usually called the cladding surrounding a
higher refractive index material usually called the core, which means the designer
make use of total internal refection.
Optical waveguides can be classified based on different categories. Based on
supported modes, the optical waveguides can be classified as single-mode and multi-
modes waveguides. Based on their refractive index, the optical waveguides can be
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classified as gradient and step-index waveguides. And based on their geometry,
they can be classified as planar and channel waveguides. The planar and channel
waveguides are shown in Fig. 2.1.
Figure 2.1: Types of waveguides based on their geometry.
There are many applications of optical waveguides, and some of these applications
are:
• Optical fiber used for communications.
• Photonic integrated circuits to guide light between different components.
• Digital processor chips in computer industries for future generation of super
fast computing.
• Frequency doublers, lasers, and optical amplifiers.
• Splitter and/or combiner of light beams. [22]
The concept of mode coupling describes the propagation of light in optical waveguides
and optical cavities when perturbation occurs. In the unperturbed cases, the light in
each waveguide is totally independent on the light in the other waveguide, but when
the perturbation occurs by bringing the two waveguides very close to each other,
coupling happens and the properties of the light in this new system will be described
by coupled-mode equations, which describe a perturbed case.
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Coupled-mode theory gives fairly accurate results, and it is extremely simpler
than the old methods which concern applying Maxwell's equations with the boundary
conditions. This thesis will investigate a system of channel waveguides of which their
final transmittivity and reflectivity forms are derived from the coupled-mode theory.
The phenomena of perturbed fields, exchanging power, and their solution with
coupled-mode theory have introduced the waveguide structure benefits and have led
to the innovation of many optical devices that are used nowadays and will be used
in the future.
2.2 Passive PIM-PIM Directional Coupler
2.2.1 Directional Coupler
A directional coupler (DC) is a device that combines and/or separates light. A
directional coupler is a four-port device that is made to have specific light intensity in
specific ports. For example, a 3-dB directional coupler divides the input light equally
to its two output ports. A directional coupler is usually made of two waveguides that
are shaped and placed in a specific way to get specific results.
Directional couplers can be classified as symmetric and asymmetric; this classi-
fication depends on the core of the waveguides that make the coupler. If the cores'
diameters are the same, the system will be called a symmetric directional coupler,
and vice-verse. Also, they can be classified as passive or active directional couplers
depending on whether its waveguides introduce gain or not. The third way to classify
them is based on the materials that their waveguides are made of: positive index or
negative index materials. The amount of coupling and power exchange between the
waveguides can be controlled by:
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• Waveguide core diameter in the coupling region.
• The distance between the waveguide cores.
• The length of the coupling region.
• The pass-through light's wavelength.
Fig. 2.2 shows a 3-dB PIM-PIM DC which is widely used in fiber-optic system
components, and we will discover its main equations and solutions for its power
exchange, its transmittivity, and its reflectivity in the following section.
Figure 2.2: A 3dB PIM-PIM DC.
2.2.2 Coupled-Mode Equations and General Solution
There are two different sets of the coupled-mode equations1 for a passive PIM-PIM
DC. The first set assumes that we are using e−iωt for the time-dependent phasor,
and this set can be written as [18]:
1More information about the coupled-mode equations, their conventions, basics, considerations,
electromagnetic field forms, derivations, and solutions are explained in detail in the appendix sec-
tion.
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dEa(z)
dz
= ikbae
−i4βzEb(z) (2.1)
dEb(z)
dz
= ikabe
i4βzEa(z). (2.2)
The second set assumes that we are using e+iωt for the time-dependent phasor, and
this set can be written as:
dEa(z)
dz
= −ikbaei4βzEb(z) (2.3)
dEb(z)
dz
= −ikabe−i4βzEa(z), (2.4)
where Ea and Eb represent the electrical field of forward traveling modes in the A
and B waveguides, respectively, kab and kba represent the coupling coefficient of the
waveguide A into the waveguide B and the coupling coefficient of the waveguide B
into the waveguide A, respectively.
4β = βa−βb, represents the detuning between the waveguides, where βa repre-
sents the propagation number of waveguide A, βb represents the propagation number
of waveguide B, and the mathematical form of the propagation number β in gen-
eral is β = 2pi
λo
n . n represents the modal refractive index, and λo represents the
wavelength in vacuum.
For our future work, we will stick to the first set of the coupled-mode equations,
and we will explain the differences that may be found by using the second set in the
appendix. For the first set, the electrical field for waveguide A and B is defined as:
EA(z) = Ea(z)e
i(βaz−ωt)
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EB(z) = Eb(z)e
i(βbz−ωt).
First, we normalize the first set by introducing the waveguide length l as the follow-
ing:
l
dEa(z)
dz
= ikbale
−i4β l
l
zEb(z) (2.5)
l
dEb(z)
dz
= ikable
i4β l
l
zEa(z). (2.6)
Now, let ζ = z
l
, so equations (2.5) and (2.6) can be rewritten as:
dEa(ζ)
dζ
= ikbale
−i4βlζEb(ζ)
dEb(ζ)
dζ
= ikable
i4βlζEa(ζ).
Now, we introduce kab, kba, and 4β as normalized forms of kab, kba, and 4β respec-
tively (where x = xl), the above two equations become:
dEa(ζ)
dζ
= ikbae
−i4βζEb(ζ) (2.7)
dEb(ζ)
dζ
= ikabe
i4βζEa(ζ). (2.8)
The two electromagnetic fields Ea(z) and Eb(z) can be defined as follows.
For waveguide A, and from our initial definition EA(z) in terms of βa is:
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EA(z) = Ea(z)e
iβaze−iωt. (2.9)
From our initial definition EA(z) in terms of β is:
EA(z) = Ae
iβze−iωt, (2.10)
whereA is the field amplitude in waveguide A, and β = βa+βb
2
.
Now, the left hand side of equations (2.9) and (2.10) are equal to each other which
means that the right hand sides are equal to each other too. applying that yields:
Ea(z)e
iβaz = Aeiβz.
Solving it for Ea(z) yields:
Ea(z) = Ae
i(β−βa)z. (2.11)
Now, from our previous definition, 4β = βa−βb, and βb = 2β−βa, substituting the
value of βb into 4β equation yields:
4β = βa − 2β + βa
β − βa = −4β
2
.
Substituting the above equation into equation (2.11) yields:
Ea(z) = Ae
−i4β
2
z. (2.12)
14
For waveguide B, and from our initial definition EB(z) in terms of βb is:
EB(z) = Eb(z)e
iβbze−iωt. (2.13)
From our initial definition EB(z) in terms of β is:
EB(z) = Be
iβze−iωt, (2.14)
whereB is field amplitute in waveguide B, and β = βa+βb
2
.
Now, the left hand side of equations (2.13) and (2.14) are equal to each other which
means that the right hand sides are equal to each other too. applying that yields:
Eb(z)e
iβbz = Beiβz.
Solving it for Ea(z) yields:
Eb(z) = Be
i(β−βa)z. (2.15)
Now, from our previous definition, 4β = βa−βb, and βa = 2β−βb, substituting the
value of βa into 4β equation yields:
4β = 2β − βb − βb
β − βb = 4β
2
.
Substituting the above equation into equation (2.15) yields:
Eb(z) = Be
i4β
2
z. (2.16)
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Normalizing both equations (2.12) and (2.16) using the same l and ζ yields:
Ea(z) = Ae
−i4β
2
z l
l
Ea(ζ) = Ae
−i4β
2
lζ
Ea(ζ) = Ae
−i4β
2
ζ (2.17)
Eb(z) = Be
i4β
2
z l
l
Eb(ζ) = Be
i4β
2
lζ
Eb(ζ) = Be
i4β
2
ζ . (2.18)
Substituting equations (2.17) and (2.18) into equation (2.7), and solving the new
equation yields:
d
(
Ae−i
4β
2
ζ
)
dζ
= ikbae
−i4βζ
(
Bei
4β
2
ζ
)
dA
dζ
(
e−i
4β
2
ζ
)
+ A
(
−i4β
2
)
e−i
4β
2
ζ = ikbaBe
−i4β
2
ζ
dA
dζ
+ A
(
−i4β
2
)
= ikbaB
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dA
dζ
= i
4β
2
A+ ikbaB. (2.19)
Substituting equations (2.17) and (2.18) into equation (2.8), and solving the new
equation yields:
d
(
Bei
4β
2
ζ
)
dζ
= ikabe
i4βζ
(
Ae−i
4β
2
ζ
)
dB
dζ
(
ei
4β
2
ζ
)
+B
(
i
4β
2
)
ei
4β
2
ζ = ikabAe
i4β
2
ζ
dB
dζ
+B
(
i
4β
2
)
= ikabA
dB
dζ
= −i4β
2
B + ikabA. (2.20)
The two differential equations (2.19) and (2.20) are the main equations that describe
the behavior of PIM-PIM DC, and their general solutions can be defined as:
A(z) = A1e
iqz + A2e
−iqz
B(z) = B1e
iqz +B2e
−iqz,
where q represents the unknown eigen-value, and normalizing the above two equa-
tions by introducing the waveguide length l yields:
A(ζ) = A1e
iqζ + A2e
−iqζ (2.21)
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B(ζ) = B1e
iqζ +B2e
−iqζ (2.22)
where q = ql is the normalized eigen-value, and A1, A2, B1, and B2 are constants.
2.2.3 Dispersion Relation and Eigenvalue
Substituting both equations (2.21) and (2.22) into equation (2.19) yields:
d
dζ
(
A1e
iqζ + A2e
−iqζ) = i4β
2
(
A1e
iqζ + A2e
−iqζ)+ ikba (B1eiqζ +B2e−iqζ)
A1(iq)e
iqζ + A2(−iq)e−iqζ = i4β
2
(
A1e
iqζ + A2e
−iqζ)+ ikba (B1eiqζ +B2e−iqζ) .
Equating the terms that have eiqζ yields:
A1(iq)e
iqζ = i
4β
2
(
A1e
iqζ
)
+ ikba
(
B1e
iqζ
)
(
q − 4β
2
)
A1 = kbaB1. (2.23)
Equating the terms that have e−iqζ yields:
A2(−iq)e−iqζ = i4β
2
(
A2e
−iqζ)+ ikba (B2e−iqζ)
(
q +
4β
2
)
A2 = −kbaB2. (2.24)
Substituting both equations (2.21) and (2.22) into equation (2.20) yields:
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ddζ
(
B1e
iqζ +B2e
−iqζ) = −i4β
2
(
B1e
iqζ +B2e
−iqζ)+ ikab (A1eiqζ + A2e−iqζ)
B1(iq)e
iqζ +B2(−iq)e−iqζ = −i4β
2
(
B1e
iqζ +B2e
−iqζ)+ ikab (A1eiqζ + A2e−iqζ) .
Equating the terms that have eiqζ yields:
B1(iq)e
iqζ = −i4β
2
(
B1e
iqζ
)
+ ikab
(
A1e
iqζ
)
(
q +
4β
2
)
B1 = kabA1. (2.25)
Equating the terms that have e−iqζ yields:
B2(−iq)e−iqζ = −i4β
2
(
B2e
−iqζ)+ ikab (A2e−iqζ)
(
q − 4β
2
)
B2 = −kabA2. (2.26)
Either way, substituting equation (2.25) into equation (2.23) or substituting equation
(2.26) into equation (2.24) gives us the value of the eigen-value q.
From equation (2.25), B1 can be written as:
B1 =
kab(
q + 4β
2
)A1
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(
q − 4β
2
)
A1 = kba
kab(
q + 4β
2
)A1
q2 =
(4β
2
)2
+ kabkba
q = ±
√(4β
2
)2
+ kabkba. (2.27)
2.2.4 Boundary Conditions and Specific solution
We assume that the light pulse is launched only in waveguide A, which means that
no light energy or any kind of light pulses enter waveguide B at ζ = 0. Thus
B(ζ = 0) = 0. Using this value in equation (2.22) yields:
B(ζ) = B1e
iqζ +B2e
−iqζ
0 = B1 +B2
B2 = −B1. (2.28)
Substituting equation (2.28) into equation (2.22) yields:
B(ζ) = B1e
iqζ +B2e
−iqζ
B(ζ) = B1e
iqζ −B1e−iqζ .
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Using Euler's formula sin(x) = e
ix−e−ix
2i
yields:
B(ζ) = i2B1sin(qζ). (2.29)
Substituting equation (2.29) into equation (2.20) yields:
dB
dζ
= −i4β
2
B + ikabA
d
dζ
(i2B1sin(qζ)) = −i4β
2
(i2B1sin(qζ)) + ikabA
2B1
d
dζ
(sin(qζ)) = −i4β
2
(2B1sin(qζ)) + kabA
2B1qcos(qζ) = −i4β
2
(2B1sin(qζ)) + kabA
kabA = 2B1qcos(qζ) + i
4β
2
(2B1sin(qζ)).
Solving the above equation for A yields:
A(ζ) =
2B1
kab
[
qcos(qζ) + i
4β
2
sin(qζ)
]
. (2.30)
2.2.5 Power Exchange - Output Ports
Using equation (2.30) and our assumption that the launched power only exists in
waveguide A at ζ = 0, the initial power Pi can be derived as follows:
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A(ζ) =
2B1
kab
[
qcos(qζ) + i
4β
2
sin(qζ)
]
A(ζ = 0) =
2B1
kab
q (2.31)
Pi = |A(ζ = 0)|2 =
(
2B1
kab
)2
|q|2 .
Now, let us say that PA is the power in waveguide A, that yields:
PA = |A(ζ)|2
PA = Pi
∣∣∣∣cos(qζ) + i4β2q sin(qζ)
∣∣∣∣2 .
Using equation (2.29), the field in waveguide B can be written as follows:
B(ζ) = i2B1sin(qζ)
at ζ = 0
B(0) = i2B1sin(0) = 0
at ζ = 1
B(ζ = 1) = i2B1sin(q).
Now, let us say that PB is the power in waveguide B, that yields:
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PB = |B(ζ)|2 = Pikab2
∣∣∣∣isin(qζ)q
∣∣∣∣2 .
From above discussion, we can write the transmittivity at two output ports of two
waveguides as follows: T1 the transmittivity at output #1 in fig. (2.2) is:
T1 =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣∣qcos(q) + i(4β2 )sin(q)∣∣∣2
|q|2 (2.32)
T2 the transmittivity at output #2 in fig. (2.2) is:
T2 =
PB(ζ = 1)
PA(ζ = 0)
=
∣∣ikabsin(q)∣∣2
|q|2 (2.33)
Figure 2.3: The power exchange between the two waveguides of a PIM-PIM DC
As clearly shown in fig. (2.3), at ζ = 0, PA represents the total input power and
PB = 0 . Also, at ζ = 1, The place where the PIM-PIM DC structure has its output
ports, each output port got approximately the half of the input power [The behavior
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of a 3-dB structure]. Changing 4β allows us to change the output powers in a way
that we can set any ratio of the input power to any output port of the device. I
mean the ability to get from 0% to 100% of the output power in any output port
you need.
2.3 Passive NIM-PIM Directional Coupler
2.3.1 Directional Coupler
In this whole section, we will rediscuss what we have discussed in section (2.2), and
we will seek the same things like eigen-value, the power in two waveguides, transmit-
tivity, and reflectivity of the system. The only difference and the big difference here
is the second waveguide in our directional coupler. While in section (2.2) we employ
a directional coupler with two positive index materials waveguides, in this section,
we will employ a directional coupler with two different waveguides. One of them
is made of a positive index material, whereas the second one is made of a negative
index material which called Metamaterial.
The following subsection investigates in detail the coupled-mode equations and
their solutions for this case. But to have this system in a glance, it looks like fig.
(2.4).
Figure 2.4: NIM-PIM DC
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2.3.2 Coupled-Mode Equations and General Solution
Following the same strategy that we defined in section (2.2.2), we will find two
different sets of the coupled-mode equation for a passive NIM-PIM DC. Sticking
with the same path we already chose, our definition for the electromagnetic field
using e−iωt for the time-dependent phasor will stay the same. This definition yields
the following set of coupled-mode equations for NIM-PIM DC [11]:
dEa(z)
dz
= ikbae
−i4βzEb(z) (2.34)
dEb(z)
dz
= −ikabei4βzEa(z), (2.35)
where Ea and Eb represent the electrical field of forward and backward traveling
modes, respectively, kab and kba represent the coupling coefficient of the waveguide
A into the waveguide B and the coupling coefficient of the waveguide B into the
waveguide A, respectively, 4β represents the detuning between the waveguides.
4β = βa − βb, where βa represents the propagation number of the waveguide
A, βb represents the propagation number of the waveguide B, and the mathematical
form of the propagation number β in general is β = 2pi
λo
n , where n represents the
modal refractive index, and λo represents the wavelength in the air.
Following the same strategy to normalize the first set of coupled-mode equations
yields:
dEa(ζ)
dζ
= ikbae
−i4βζEb(ζ) (2.36)
dEb(ζ)
dζ
= −ikabei4βζEa(ζ), (2.37)
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where ζ = z
l
, and kab, kba, and 4β are normalized forms of kab, kba, and 4β respec-
tively, where x = xl.
The two electromagnetic fields Ea(z) and Eb(z) can be defined as follows:
Ea(z) = Ae
−i4β
2
z (2.38)
Eb(z) = Be
i4β
2
z. (2.39)
Normalizing both fields using the same l and ζ yields:
Ea(ζ) = Ae
−i4β
2
ζ (2.40)
Eb(ζ) = Be
i4β
2
ζ . (2.41)
Substituting equations (2.34) and (2.35) into equation (2.30), and solving the new
equation yields:
d
(
Ae−i
4β
2
ζ
)
dζ
= ikbae
−i4βζ
(
Bei
4β
2
ζ
)
dA
dζ
(
e−i
4β
2
ζ
)
+ A
(
−i4β
2
)
e−i
4β
2
ζ = ikbaBe
−i4β
2
ζ
dA
dζ
+ A
(
−i4β
2
)
= ikbaB
dA
dζ
= i
4β
2
A+ ikbaB. (2.42)
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Substituting equations (2.34) and (2.35) into equation (2.31), and solving the new
equation yields:
d
(
Bei
4β
2
ζ
)
dζ
= −ikabei4βζ
(
Ae−i
4β
2
ζ
)
dB
dζ
(
ei
4β
2
ζ
)
+B
(
i
4β
2
)
ei
4β
2
ζ = −ikabAei
4β
2
ζ
dB
dζ
+B
(
i
4β
2
)
= −ikabA
dB
dζ
= −i4β
2
B − ikabA
−dB
dζ
= i
4β
2
B + ikabA. (2.43)
The two differential equations (2.36) and (2.37) are the main equations that describe
the behavior of NIM-PIM DC, and their general solutions can be defined as:
A(z) = A1e
iqz + A2e
−iqz
B(z) = B1e
iqz +B2e
−iqz,
where q represents the unknown eigen-value, and normalizing the above two equa-
tions by introducing the waveguide length l yields:
A(ζ) = A1e
iqζ + A2e
−iqζ (2.44)
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B(ζ) = B1e
iqζ +B2e
−iqζ , (2.45)
where q = ql, and it represents the normalized eigen-value
2.3.3 Dispersion Relation and Eigenvalue
Substituting both equations (2.38) and (2.39) into equation (2.36) yields:
d
dζ
(
A1e
iqζ + A2e
−iqζ) = i4β
2
(
A1e
iqζ + A2e
−iqζ)+ ikba (B1eiqζ +B2e−iqζ)
A1(iq)e
iqζ + A2(−iq)e−iqζ = i4β
2
(
A1e
iqζ + A2e
−iqζ)+ ikba (B1eiqζ +B2e−iqζ) .
Equating the terms that have eiqζ yields:
A1(iq)e
iqζ = i
4β
2
(
A1e
iqζ
)
+ ikba
(
B1e
iqζ
)
(
q − 4β
2
)
A1 = kbaB1. (2.46)
Equating the terms that have e−iqζ yields:
A2(−iq)e−iqζ = i4β
2
(
A2e
−iqζ)+ ikba (B2e−iqζ)
(
q +
4β
2
)
A2 = −kbaB2. (2.47)
Substituting both equations (2.38) and (2.39) into equation (2.37) yields:
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ddζ
(
B1e
iqζ +B2e
−iqζ) = −i4β
2
(
B1e
iqζ +B2e
−iqζ)− ikab (A1eiqζ + A2e−iqζ)
B1(iq)e
iqζ +B2(−iq)e−iqζ = −i4β
2
(
B1e
iqζ +B2e
−iqζ)− ikab (A1eiqζ + A2e−iqζ) .
Equating the terms that have eiqζ yields:
B1(iq)e
iqζ = −i4β
2
(
B1e
iqζ
)− ikab (A1eiqζ)
(
q +
4β
2
)
B1 = −kabA1. (2.48)
Equating the terms that have e−iqζ yields:
B2(−iq)e−iqζ = −i4β
2
(
B2e
−iqζ)− ikab (A2e−iqζ)
(
q − 4β
2
)
B2 = kabA2. (2.49)
Either way, substituting equation (2.42) into equation (2.40) or substituting equation
(2.43) into equation (2.41) gives us the value of the normalized eigen-value q .
(
q − 4β
2
)
A1 = kbaB1.
From equation (2.42), B1 can be written as:
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B1 =
−kab(
q + 4β
2
)A1
(
q − 4β
2
)
A1 = kba
 −kab(
q + 4β
2
)A1

q2 =
(4β
2
)2
− kabkba
q = ±
√(4β
2
)2
− kabkba. (2.50)
Comparing the eigen-value in case of PIM-PIM DC (equation (2.27)) with the eigen-
value in case of NIM-PIM DC (equation (2.50)), the following can be concluded:
• q in PIM-PIM DC is always real valued.
• q in NIM-PIM DC can be one of the following values:
1. Real when kba ∗ kab < (4β2 )2.
2. 0 when kba ∗ kab = (4β2 )2.
3. Imaginary when kba ∗ kab > (4β2 )2
Real values provide sinusoidal power variation, whereas imaginary values provide
exponential power variation.
2.3.4 Boundary Conditions and Specific Solution
We assume that the light pulse is launched only in waveguide A, which means that
no light energy or any kind of light pulses are exist in waveguide B at ζ = 1. At this
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specific condition B(ζ = 1) = 0. Using this value in equation (2.39) yields:
B(ζ) = B1e
iqζ +B2e
−iqζ
0 = B1e
iq +B2e
−iq
B2 = −B1ei2q. (2.51)
Substituting equation (2.45) into equation (2.39) yields:
B(ζ) = B1e
iqζ +B2e
−iqζ
B(ζ) = B1e
iqζ − (B1ei2q) e−iqζ
B(ζ) =
B1
e−iq
(
e(iqζ−iq) − e(i2q−iqζ−iq))
B(ζ) = B′1
(
ei(qζ−q) − e−i(qζ−q)) ,
where B′1 =
B1
e−iq .
Using hyperbolic function formula sinh(x) = e
x−e−x
2
yields:
B(ζ) = 2B′1sinh{i(qζ − q)}. (2.52)
Substituting equation (2.46) into equation (2.37) yields:
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−dB
dζ
= i
4β
2
B + ikabA
− d
dζ
(2B′1sinh{i(qζ − q)}) = i
4β
2
(2B′1sinh{i(qζ − q)}) + ikabA
−2B′1
d
dζ
(sinh{i(qζ − q)}) = i4β
2
(2B′1sinh{i(qζ − q)}) + ikabA
−2B′1(iq)cosh{i(qζ − q)} = i
4β
2
(2B′1sinh{i(qζ − q)}) + ikabA
−2B′1(q)cosh{i(qζ − q)} =
4β
2
(2B′1sinh{i(qζ − q)}) + kabA
kabA = −2B′1(q)cosh{i(qζ − q)} −
4β
2
(2B′1sinh{i(qζ − q)})
kabA = −2B′1[(q)cosh{i(qζ − q)}+
4β
2
(sinh{i(qζ − q)})]
A(ζ) =
−2B′1
kab
[
qcosh{i(qζ − q)}+ 4β
2
sinh{i(qζ − q)}
]
. (2.53)
2.3.5 Transmittivity and Reflectivity
Now, using the well known relationship between the power P and the amplitude A,
which is P = |A|2, we can easily find the power in each waveguide and calculate the
transmittivity and reflectivity of the system as follows:
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PA = |A(ζ)|2 =
∣∣∣∣−2B′1kab [qcosh{i(qζ − q)}+ 4β2 sinh{i(qζ − q)}]
∣∣∣∣2
PB = |B(ζ)|2 = |2B′1sinh{i(qζ − q)}|2 ,
where PA and PB are the power in waveguides A and B respectively.
The transmitivity T of the system shown in fig. (2.5) is:
T =
PA(ζ = 1)
PA(ζ = 0)
=
|q|2∣∣∣qcosh(−iq) + 4β2 sinh(−iq)∣∣∣2 . (2.54)
The reflectivity R of the system shown in fig. (2.6) is:
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣kabsinh(−iq)∣∣2∣∣∣qcosh(−iq) + (4β2 )sinh(−iq)∣∣∣2 . (2.55)
Figure 2.5: Passive NIM-PIM DC transmittivity at k =0, 2, 3, 4, & 5.
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Figure 2.6: Passive NIM-PIM DC reflectivity at k =0, 2, 3, 4, & 5.
The above two figures, fig. (2.5) and fig. (2.6) show the three different regions that
have different values of q , and how that affects the transmittivity T and reflectivity
R of the structure. As long as
∣∣∣4β2 ∣∣∣ >k, q becomes real, and the power exchange
takes the sinusoidal behavior. Once
∣∣∣4β2 ∣∣∣ = k , q becomes 0, and neither output#1
nor output#2 has any power (i.e) T = R = 0. When
∣∣∣4β2 ∣∣∣<k q becomes imaginary,
and the power exchange takes the exponential behavior. The last case causes the re-
flection of entire power back toward output#2. The colored codes above in fig. (2.5)
and fig. (2.6) show that clearly the transmittivity drops in the regions where
∣∣∣4β2 ∣∣∣<k.
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2.4 Passive DFB Resonator
2.4.1 DFB Resonator
A distributed-feedback resonator consists of a periodic structure. Typically, the
periodic structure is known as diffraction grating. The structure is shown in fig.
(2.7). The exchange of power between the two output ports and the resulting power
in output#1 and output#2 depend on some factors and one of them is the diffraction
grating.
Figure 2.7: DFB resonator
2.4.2 Coupled-Mode Equations and General Solution
The coupled-mode equations for a passive DFB resonator can be written as [23]:
dA
dζ
= i
4β
2
A+ ikbfB (2.56)
dB
dζ
= −i4β
2
B − ikfbA, (2.57)
where A and B represent the forward and backward electromagnetic modes respec-
tively, kfb and kbf represent the coupling coefficient of the forward wave into the
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backward wave and the coupling coefficient of the backward wave into the forward
wave respectively, 4β represents the detuning between the waveguides.
4β = β1− β2, where β1 represents the propagation number of the light wave in
the waveguide, and β2 represents the propagation number of the grating structure,
and the mathematical form of the propagation number β2 in general is β2 =
pi
Λ
,
where Λ is the grating period.
The general solution can be written as:
A(ζ) = A1e
iqζ + A2e
−iqζ (2.58)
B(ζ) = B1e
iqζ +B2e
−iqζ , (2.59)
where q = ql , and it represents the normalized eigen-value
A quick look at equations (2.56), (2.57), (2.58), and (2.59) and comparing them
respectively with equations (2.42), (2.43), (2.44), and (2.45), clearly shows that the
passive NIM-PIM DC and the passive DFB resonator are governed by the same set
of coupled-mode equation and general solution. This means that all q , T , and R
will be the same which means that a passive NIM-PIM DC behaves like a passive
DFB resonator
q = ±
√(4β
2
)2
− kfbkbf . (2.60)
T =
PA(ζ = 1)
PA(ζ = 0)
=
|q|2∣∣∣qcosh(−iq) + 4β2 sinh(−iq)∣∣∣2 . (2.61)
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R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣kabsinh(−iq)∣∣2∣∣∣qcosh(−iq) + (4β2 )sinh(−iq)∣∣∣2 . (2.62)
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.Chapter 3
3 Active NIM-PIM Directional Coupler
This chapter discusses the active structures like an active DFB resonator, and an
active NIM-PIM DC. This discussion includes deriving and analyzing the structure's
governing equations and their solutions. The equations are solved for the case of
different coupling coefficients for the first time. The final form of eigen-value, trans-
mittivity, and reflectivity for such structures were derived and analyzed. Also, the
effect of coupling coefficients for different scenarios were investigated and final results
were reported.
3.1 Active DFB Resonator
3.1.1 Coupled-Mode Equations and General Solution
We stick with the same convention of electromagnetic field definition that we used
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in chapter #2 where the time dependent phasor is e−iωt, normalize the equation
with the structure length l as ζ = z
l
, and introduce a gain g in the structure. The
normalized coupled-mode equations of the DFB resonator can be written as follows
[23]:
dA
dζ
= i(
4β
2
− ig
2
)A+ ikbfB (3.1)
−dB
dζ
= i(
4β
2
− ig
2
)B + ikfbA, (3.2)
where A(ζ) and B(ζ) represent the amplitude of electrical field that travels for-
ward and backward respectively, kfb and kbf are the normalized forms of kfb and
kbf respectively, and kfb and kbf represent the coupling coefficient of the forward-
propagation wave into the backward-propagation wave and the coupling coefficient
of the backward-propagation wave into the forward-propagation wave in the DFB
structure, respectively.
4β is the normalized form of 4β, and 4β = βa − βb represents the detuning
between the wavenumbers., where βb is the Bragg number, and it can be expressed
mathematically as β = pi
Λ
, where Λ represents the grating period. g = gl where g is
the normalized gain in the system.
The general solution of an active DFB resonator can be written as follows:
A(ζ) = A1e
iqζ + A2e
−iqζ (3.3)
B(ζ) = B1e
iqζ +B2e
−iqζ , (3.4)
where q is the eigen-value, q = ql , which represents the normalized eigen-value, and
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A1, A2, B1, and B2 are constant coefficients.
3.1.2 Dispersion Relation and Eigenvalue
Substituting both equations (3.3) and (3.4) into equation (3.1) yields:
d
dζ
(
A1e
iqζ + A2e
−iqζ) = i(4β
2
− ig
2
)
(
A1e
iqζ + A2e
−iqζ)+ ikbf (B1eiqζ +B2e−iqζ)
A1(iq)e
iqζ +A2(−iq)e−iqζ = i(4β
2
− ig
2
)
(
A1e
iqζ + A2e
−iqζ)+ ikfb (B1eiqζ +B2e−iqζ) .
Equating the terms that have eiqζ yields:
A1(iq)e
iqζ = i(
4β
2
− ig
2
)
(
A1e
iqζ
)
+ ikbf
(
B1e
iqζ
)
(iq)A1 = i(
4β
2
− ig
2
)A1 + ikbfB1
[q − (4β
2
− ig
2
)]A1 = kbfB1. (3.5)
Equating the terms that have e−iqζ yields:
A2(−iq)e−iqζ = i(4β
2
− ig
2
)
(
A2e
−iqζ)+ ikbf (B2e−iqζ)
(−iq)A2 = i(4β
2
− ig
2
)A2 + ikbfB2
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[q + (
4β
2
− ig
2
)]A2 = −kbfB2. (3.6)
Substituting both equations (3.3) and (3.4) into equation (3.2) yields:
− d
dζ
(
B1e
iqζ +B2e
−iqζ) = i(4β
2
− ig
2
)
(
B1e
iqζ +B2e
−iqζ)+ ikfb (A1eiqζ + A2e−iqζ)
−B1(iq)eiqζ−B2(−iq)e−iqζ = i(4β
2
−ig
2
)
(
B1e
iqζ +B2e
−iqζ)+ikfb (A1eiqζ + A2e−iqζ) .
Equating the terms that have eiqζ yields:
−B1(iq)eiqζ = i(4β
2
− ig
2
)
(
B1e
iqζ
)
+ ikfb
(
A1e
iqζ
)
−(iq)B1 = i(4β
2
− ig
2
)B1 + ikfbA1
[q + (
4β
2
− ig
2
)]B1 = −kfbA1. (3.7)
Equating the terms that have e−iqζ yields:
−B2(−iq)e−iqζ = i(4β
2
− ig
2
)
(
B2e
−iqζ)+ ikfb (A2e−iqζ)
(iq)B2 = i(
4β
2
− ig
2
)B2 + ikfbA2
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[q − (4β
2
− ig
2
)]B2 = kbfA2. (3.8)
Either way, substituting equation (3.7) into equation (3.5) or substituting equation
(3.8) into equation (3.6) gives us the value of the normalized eigen-value q.
From equation (3.7), B1can be written as follows:
B1 = − kfb
[q + (4β
2
− ig
2
)]
A1.
Substituting B1value into equation (3.5) yields:
[q − (4β
2
− ig
2
)]A1 = kbf [− kfb{q + (4β
2
− ig
2
)}
]A1
[q − (4β
2
− ig
2
)][q + (
4β
2
− ig
2
)] = −kfbkbf
(q)2 = (
4β
2
− ig
2
)2 − kfbkbf
q = ±
√
(
4β
2
− ig
2
)2 − kfbkbf . (3.9)
Equation (3.9) defines the normalized eigen-value q in terms of the normalized
wavenumber detuning 4β , the normalized gain g , and the normalized coupling
coefficients kfb and kbf .
3.1.3 Amplifier Boundary Conditions and Specific Solution
When the DFB resonator is used as a resonant type of amplifier, no backward prop-
agating wave is found at ζ = 1. (i.e) B(ζ = 1) = 0. Substituting this condition into
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equation (3.4) yields:
B(ζ) = B1e
iqζ +B2e
−iqζ
B(1) = B1e
iq +B2e
−iq
0 = B1e
iq +B2e
−iq
B2 = −B1ei2q. (3.10)
Substituting equation (3.10) into equation (3.4) yields:
B(ζ) = B1e
iqζ +B2e
−iqζ
B(ζ) = B1e
iqζ + (−B1ei2q)e−iqζ
B(ζ) = B1e
iqζ −B1e(i2q−iqζ)
B(ζ) = B1(
e−iq
e−iq
)(eiqζ − e(i2q−iqζ))
B(ζ) = (
B1
e−iq
)(ei(qζ−q) − e−i(qζ−q)).
Using hyperbolic function formula sinh(x) = e
x−e−x
2
yields:
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B(ζ) = 2B′1sinh{i(qζ − q)}, (3.11)
where B′1 =
B1
e−iq
Substituting equation (3.11) into equation (3.2) gives us an expression for A(ζ)
as follows:
−dB
dζ
= i(
4β
2
− ig
2
)B + ikfbA
− d
dζ
[2B′1sinh{i(qζ − q)}] = i(
4β
2
− ig
2
)[2B′1sinh{i(qζ − q)}] + ikfbA
−2B′1
d
dζ
[sinh{i(qζ − q)}] = i(4β
2
− ig
2
)[2B′1sinh{i(qζ − q)}] + ikfbA
−2B′1(iq)cosh{i(qζ − q)} = i(
4β
2
− ig
2
)[2B′1sinh{i(qζ − q)}] + ikfbA
−2B′1(q)cosh{i(qζ − q)} = (
4β
2
− ig
2
)[2B′1sinh{i(qζ − q)}] + kfbA
kfbA = −2B′1(q)cosh{i(qζ − q)} − (
4β
2
− ig
2
)[2B′1sinh{i(qζ − q)}]
kfbA = −2B′1[(q)cosh{i(qζ − q)}+ (
4β
2
− ig
2
)(sinh{i(qζ − q)})]
A(ζ) =
−2B′1
kfb
[
qcosh{i(qζ − q)}+ (4β
2
− ig
2
)sinh{i(qζ − q)}
]
. (3.12)
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3.1.4 Transmittivity and Reflectivity
Now, using the well known relationship between the power P and the amplitude
A, P = |A|2, we can easily find the power in each light direction and calculate the
transmittivity and reflectivity of the system as follows:
PA = |A(ζ)|2 =
∣∣∣∣−2B′1kfb [qcosh{i(qζ − q)}+ (4β2 − ig2)sinh{i(qζ − q)}]
∣∣∣∣2
PB = |B(ζ)|2 = |2B′1sinh{i(qζ − q)}|2 ,
where PA and PB are the power in forward and backward directions respectively.
The transmitivity T of the system (output #1, Fig. (3.1 )is:
T =
PA(ζ = 1)
PA(ζ = 0)
=
|q|2∣∣∣qcosh(−iq) + (4β2 − ig2)sinh(−iq)∣∣∣2 . (3.13)
The reflectivity R of the system (output #2, Fig. (3.2 )is:
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣kfbsinh(−iq)∣∣2∣∣∣qcosh(−iq) + (4β2 − ig2)sinh(−iq)∣∣∣2 . (3.14)
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Figure 3.1: Active DFB resonator transmittivity at k = 3.
Figure 3.2: Active DFB resonator reflectivity at k = 3.
The above two figures, fig. (3.1) and fig. (3.2) depict the behavior of transmittivity
and reflectivity of an active DFB resonator respectively. Clearly seen is that at
specific combination of gain g, coupling coefficient k, and wavenumber detuning 4β,
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the two structure's outputs (output #1and output #2) can emit power that reaches
infinity and introduces lasing behavior.
3.2 Active NIM-PIM DC
3.2.1 Coupled-Mode Equations and General Solution
We stick with the same convention of electromagnetic field definition that we used in
chapter #2 where the time dependent phasor is e−iωt , normalize the equation with
the structure length l as ζ = z
l
, and introduce gains gp and gn in the PIM waveguide
and NIM waveguide respectively. The normalized coupled mode equations of an
active NIM-PIM-DC can be written as follows [11]:
dA
dζ
= i(
4β
2
− igp
2
)A+ ikbaB (3.15)
−dB
dζ
= i(
4β
2
− ign
2
)B + ikabA, (3.16)
where A(ζ) and B(ζ) represent the amplitude of electrical field that travels forward
and backward respectively, kab and kba are normalized form of coupling coefficients
kab and kba, respectively, and kab and kba represent the coupling coefficient of the
waveguide A into the waveguide B and the coupling coefficient of the waveguide B
into the waveguide A, respectively
4β is the normalized form of 4β, and 4β = βa − βb represents the detuning
between the wavenumbers, where βa and βb represent the wavenumber in PIM and
NIM waveguides respectively. β = 2pi
λo
n, where n represents the modal refractive
index, and λo represents the wavelength in the air. gp and gn are normalized form
of gains gp and gn, respectively, and gp and gn represent the introduced gain in the
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PIM waveguide and in NIM waveguide, respectively.
The general solution of an active NIM-PIM DC can be written as follows:
A(ζ) = A1e
iqζ + A2e
−iqζ (3.17)
B(ζ) = B1e
iq′ζ +B2e
−iq′ζ , (3.18)
where q and q′ are the normalized form of q and q′, respectively, and q and q′ represent
the eigen-value of the PIM and NIM waveguides, respectively. The mathematical
form that relates the two eigen-value can be written as follows:
q′ = q + x, (3.19)
where x is the value that will be derived in this chapter and will give us the final
solution for the transmittivity T and the reflectivity R for this kind of structures
and A1, A2, B1, and B2 are constant coefficients.
3.2.2 Dispersion Relation and Eignvalue
Substituting both equations (3.17) and (3.18) into equation (3.15) yields:
d
dζ
(
A1e
iqζ + A2e
−iqζ) = i(4β
2
− igp
2
)
(
A1e
iqζ + A2e
−iqζ)+ ikba (B1eiq′ζ +B2e−iq′ζ)
A1(iq)e
iqζ+A2(−iq)e−iqζ = i(4β
2
−igp
2
)
(
A1e
iqζ + A2e
−iqζ)+ikba (B1eiq′ζ +B2e−iq′ζ) .
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Equating the terms that have eiqζ yields:
A1(iq)e
iqζ = i(
4β
2
− igp
2
)
(
A1e
iqζ
)
(iq)A1 = i(
4β
2
− igp
2
)A1. (3.20)
Equating the terms that have e−iqζ yields:
A2(−iq)e−iqζ = i(4β
2
− igp
2
)
(
A2e
−iqζ)
(−iq)A2 = i(4β
2
− igp
2
)A2. (3.21)
Equating the terms that have eiq
′ζ yields:
0 = ikba(B1e
iq′ζ)
0 = ikbaB1. (3.22)
Equating the terms that have e−iq′ζ yields:
0 = ikba(B2e
−iq′ζ)
0 = ikbaB2. (3.23)
Substituting both equations (3.17) and (3.18) into equation (3.16) yields:
49
− d
dζ
(
B1e
iq′ζ +B2e
−iq′ζ
)
= i(
4β
2
−ign
2
)
(
B1e
iq′ζ +B2e
−iq′ζ
)
+ikab
(
A1e
iqζ + A2e
−iqζ)
−B1(iq′)eiq′ζ−B2(−iq′)e−iq′ζ = i(4β
2
−ign
2
)
(
B1e
iq′ζ +B2e
−iq′ζ
)
+ikab
(
A1e
iqζ + A2e
−iqζ) .
Equating the terms that have eiqζ yields:
0 = ikab(A1e
iqζ)
0 = ikabA1. (3.24)
Equating the terms that have eiqζ yields:
0 = ikab(A2e
−iqζ)
0 = ikabA2. (3.25)
Equating the terms that have eiq
′ζ yields:
−B1(iq′)eiq′ζ = i(4β
2
− ign
2
)
(
B1e
iq′ζ
)
(−iq′)B1 = i(4β
2
− ign
2
)B1. (3.26)
Equating the terms that have e−iq′ζ yields:
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−B2(−iq′)e−iq′ζ = i(4β
2
− ign
2
)
(
B2e
−iq′ζ
)
(iq′)B2 = i(
4β
2
− ign
2
)B2. (3.27)
Now, combining both equations (3.20) and (3.22) yields:
(iq)A1 = i(
4β
2
− igp
2
)A1 + ikbaB1
qA1 = (
4β
2
− igp
2
)A1 + kbaB1
(q − 4β
2
+ i
gp
2
)A1 = kbaB1. (3.28)
Combining both equations (3.21) and (3.23) yields:
(−iq)A2 = i(4β
2
− igp
2
)A2 + ikbaB2
−qA2 = (4β
2
− igp
2
)A2 + kbaB2
(q +
4β
2
− igp
2
)A2 = −kbaB2. (3.29)
Combining both equations (3.24) and (3.26) yields:
(−iq′)B1 = i(4β
2
− ign
2
)B1 + ikabA1
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−q′B1 = (4β
2
− ign
2
)B1 + kabA1
(q′ +
4β
2
− ign
2
)B1 = −kabA1. (3.30)
Combining both equations (3.25) and (3.27) yields:
(iq′)B2 = i(
4β
2
− ign
2
)B2 + ikabA2
q′B2 = (
4β
2
− ign
2
)B2 + kabA2
(q′ − 4β
2
+ i
gn
2
)B2 = kabA2. (3.31)
Now, we left off with four equations (3.28), (3.29), (3.30), and (3.31) with four
constants A1,B1, A2,and B2.
Now, substituting equation (3.30) into equation (3.28) yields the following:
From equation (3.30) we have:
(q′ +
4β
2
− ign
2
)B1 = −kabA1
B1 = − kab
(q′ + 4β
2
− ign
2
)
A1.
Applying this value of B1into equation (3.28) yields:
(q − 4β
2
+ i
gp
2
)A1 = kba
(
− kab
(q′ + 4β
2
− ign
2
)
)
A1
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(q − 4β
2
+ i
gp
2
)(q′ +
4β
2
− ign
2
) = −kabkba.
Taking the product of the left hand side yields:
qq′+q(
4β
2
)−iq(gn
2
)−q′(4β
2
)−(4β
2
)2+i(
4β
2
)(
gn
2
)+iq′(
gp
2
)+i(
4β
2
)(
gp
2
)+(
gp
2
)(
gn
2
) = −kabkba
qq′+ q(
4β
2
− ign
2
)− q′(4β
2
− igp
2
) + (
4β
2
)(i
gp
2
+ i
gn
2
)− (4β
2
4
) + (
gpgn
4
) = −kabkba.
(3.32)
Now, substituting equation (3.31) into equation (3.29) yields the following:
From equation (3.31) we have:
(q′ − 4β
2
+ i
gn
2
)B2 = kabA2
B2 =
kab
(q′ − 4β
2
+ ign
2
)
A2.
Applying this value of B2into equation (3.29) yields:
(q +
4β
2
− igp
2
)A2 = −kba
(
kab
(q′ − 4β
2
+ ign
2
)
)
A2
(q +
4β
2
− igp
2
)(q′ − 4β
2
+ i
gn
2
) = −kabkba.
Taking the product of the left hand side yields:
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qq′−q(4β
2
)+iq(
gn
2
)+q′(
4β
2
)−(4β
2
)2+i(
4β
2
)(
gn
2
)−iq′(gp
2
)+i(
4β
2
)(
gp
2
)+(
gp
2
)(
gn
2
) = −kabkba
qq′− q(4β
2
− ign
2
) + q′(
4β
2
− igp
2
) + (
4β
2
)(i
gp
2
+ i
gn
2
)− (4β
2
4
) + (
gpgn
4
) = −kabkba.
(3.33)
Adding both equations (2.32) and (2.33) yields:
2(qq′) + 2(
4β
2
)(i
gp
2
+ i
gn
2
)− 2(4β
2
)2 + 2(
gpgn
4
) + 2(kabkba) = 0.
Dividing the above equation by 2 yields:
(qq′) + (
4β
2
)(i
gp
2
+ i
gn
2
)− (4β
2
)2 + (
gpgn
4
) + (kabkba) = 0.
Rearranging the above equation yields:
qq′ − [(4β
2
)2 − (kabkba)− (4β
2
)(i
gp
2
+ i
gn
2
)− (gpgn
4
)] = 0. (3.34)
Subtracting equations (2.33) from equation (2.32) yields:
2q(
4β
2
− ign
2
)− 2q′(4β
2
− igp
2
) = 0.
Dividing the above equation by 2 yields:
q(
4β
2
− ign
2
)− q′(4β
2
− igp
2
) = 0
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q(
4β
2
− ign
2
) = q′(
4β
2
− igp
2
).
Substituting equation (3.19) in the above equation yields:
(q′ − x)(4β
2
− ign
2
) = q′(
4β
2
− igp
2
)
q′(
4β
2
)− q′(ign
2
)− x(4β
2
) + x(i
gn
2
) = q′(
4β
2
)− q′(igp
2
).
Rearranging the above equation yields:
−q′(ign
2
) + q′(i
gp
2
) = x(
4β
2
)− x(ign
2
)
q′(i
gp
2
− ign
2
) = x(
4β
2
− ign
2
)
x = q′
(igp
2
− ign
2
)
(4β
2
− ign
2
)
. (3.35)
Let us introduce another quantity called H, and let it has the following relationship
with x:
H =
x
q′
(3.36)
H =
(igp
2
− ign
2
)
(4β
2
− ign
2
)
. (3.37)
Now, the relationship between both normalized eign-values q and q′ using the new
quantity H will be as follows:
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q = q′ − x
q = q′ − q′H
q = q′(1−H). (3.38)
Substituting equation (3.38) into equation (3.34) yields:
qq′ − [(4β
2
)2 − (kabkba)− (4β
2
)(i
gp
2
+ i
gn
2
)− (gpgn
4
)] = 0
[q′(1−H)]q′ − [(4β
2
)2 − (kabkba)− (4β
2
)(i
gp
2
+ i
gn
2
)− (gpgn
4
)] = 0
(q′)2(1−H)− [(4β
2
)2 − (kabkba)− (4β
2
)(i
gp
2
+ i
gn
2
)− (gpgn
4
)] = 0.
Using the quadratic formula x =
−b±
√
(b2−4ac)
2a
yields:
q′ = ±
√
(
4(1−H)[(4β
2
)2 − (kabkba)− (4β2 )(igp2 + ign2 )− (gpgn4 )]
4(1−H)2 )
q′ = ±
√
(
(4β
2
)2 − (kabkba)− (4β2 )(igp2 + ign2 )− (gpgn4 )
(1−H) ). (3.39)
3.2.3 Amplifier Boundary Conditions and Specific Solution
When the NIM-PIM DC is used as a type of amplifier, no backward propagating
wave is found at ζ = 1. (i.e) B(ζ = 1) = 0. Substituting this condition into equation
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(3.18) yields:
B(ζ) = B1e
iq′ζ +B2e
−iq′ζ
B(1) = B1e
iq′ +B2e
−iq′
0 = B1e
iq′ +B2e
−iq′
B2 = −B1ei2q′ . (3.40)
Substituting equation (3.40) into equation (3.18) yields:
B(ζ) = B1e
iq′ζ +B2e
−iq′ζ
B(ζ) = B1e
iq′ζ + (−B1ei2q′)e−iq′ζ
B(ζ) = B1e
iq′ζ −B1e(i2q′−iq′ζ)
B(ζ) = B1(
e−iq′
e−iq′
)(eiq
′ζ − e(i2q′−iq′ζ))
B(ζ) = (
B1
e−iq′
)(ei(q
′ζ−q′) − e−i(q′ζ−q′)).
Using the hyperbolic function formula sinh(x) = e
x−e−x
2
yields:
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B(ζ) = 2B′1sinh{i(q′ζ − q′)}, (3.41)
where B′1 =
B1
e−iq′
Substituting equation (3.41) into equation (3.16) gives us an expression for A(ζ)
as follows:
−dB
dζ
= i(
4β
2
− ign
2
)B + ikabA
− d
dζ
[2B′1sinh{i(q′ζ − q′)}] = i(
4β
2
− ign
2
)[2B′1sinh{i(q′ζ − q′)}] + ikabA
−2B′1
d
dζ
[sinh{i(q′ζ − q′)}] = i(4β
2
− ign
2
)[2B′1sinh{i(q′ζ − q′)}] + ikabA
−2B′1(iq′)cosh{i(q′ζ − q′)} = i(
4β
2
− ign
2
)[2B′1sinh{i(q′ζ − q′)}] + ikabA
−2B′1(q′)cosh{i(q′ζ − q′)} = (
4β
2
− ign
2
)[2B′1sinh{i(q′ζ − q′)}] + kabA
kabA = −2B′1(q′)cosh{i(q′ζ − q′)} − (
4β
2
− ign
2
)[2B′1sinh{i(q′ζ − q′)}]
kabA = −2B′1[(q′)cosh{i(q′ζ − q′)}+ (
4β
2
− ign
2
)(sinh{i(q′ζ − q′)})]
A(ζ) =
−2B′1
kab
[
q′cosh{i(q′ζ − q′)}+ (4β
2
− ign
2
)sinh{i(q′ζ − q′)}
]
. (3.42)
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3.2.4 Transmittivity and Reflectivity
Using the well known relationship between the power P and the amplitude A,
P = |A|2, we can easily find the power in each light direction and calculate the
transmittivity and reflectivity of the system as follows:
PA = |A(ζ)|2 =
∣∣∣∣−2B′1kab [q′cosh{i(q′ζ − q′)}+ (4β2 − ign2 )sinh{i(q′ζ − q′)}]
∣∣∣∣2
PB = |B(ζ)|2 =
∣∣2B′1sinh{i(q′ζ − q′)}∣∣2 ,
where PA and PB are the power in forward and backward directions respectively.
The transmitivity T of the system (output #1, Fig. (2.4 )is:
T =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣q′∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ign2 )sinh(−iq′)∣∣∣2 . (3.43)
The reflectivity R of the system (output #2, Fig. (2.4 )is:
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣kabsinh(−iq′)∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ign2 )sinh(−iq′)∣∣∣2 . (3.44)
The above two expressions for transmittivity T and reflectivity R are general enough
to consider any value of gp, gn, kab, kba, ∆β, and q′. Some specific scenarios2 are
discussed here, and they are divided to lasing and non-lasing scenarios. Some lasing
scenarios are:
2The eigen-value q′ , transmittivity T , and reflectivity R for each scenario are derived in the
appendix.
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Scenario #1: gp = gn = g and 4k = 0.
Figure 3.3: Scenario #1 transmittivity.
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Figure 3.4: Scenario #1 reflectivity.
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Scenario #2: gp = gn = g and 4k 6= 0.
Figure 3.5: Scenario #2 ransmittivity.
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Figure 3.6: Scenario #2 reflectivity.
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Figure 3.7: Scenario #2 transmittivity continuous.
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Figure 3.8: Scenario #2 reflectivity continuous.
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Scenario #3: gp = g, gn = 0, and 4k = 0.
Figure 3.9: Scenario #3 transmittivity.
Figure 3.10: Scenario #3 reflectivity.
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Scenario #4: gp = g, gn = 0, and 4k 6= 0.
Figure 3.11: Scenario #4 transmittivity.
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Figure 3.12: Scenario #4 reflectivity.
68
Scenario #5: gp = g, gn = −g, and 4k = 0.
Figure 3.13: Scenario #5 transmittivity.
69
Figure 3.14: Scenario #5 reflectivity.
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Scenario #6: gp = g, gn = −g, and 4k 6= 0.
Figure 3.15: Scenario #6 transmittivity.
71
Figure 3.16: Scenario #6 reflectivity.
72
Figure 3.17: Scenario #6 transmittivity continuous.
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Figure 3.18: Scenario #6 reflectivity contineous.
• Some non-lasing scenarios are:
Scenario #1: gp = any, gn = any, and (kab and/or kba) = 0.
Scenario #2: gp = g, gn = 0, and (kab and/or kba) ≤ 2.5 .
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3.2.5 Lasing and non-Lasing Combinations
From the previous different scenarios of an active NIM-PIM DC, the following table
of multimode and single mode lasing and non-lasing combinations can be concluded:
Table (3.1) Active NIM-PIM DC Lasing Combinations
Configuration Parameters Lasing Behavior
gp gn 4k = kab − kba # Lasing Modes Lasing Threshold
any any kab and/or kba= 0 No lasing
> 0 gp = 0 Multi-mode Lower gthwith bigger k
> 0 gp 6= 0 Multi-mode Higher gthwith bigger 4k
> 0 0 = 0 Multi-mode Lower gthwith bigger k
> 0 0 6= 0 Multi-mode Higher gthwith bigger 4k
> 0 0 kab and/or kba ≤ 2.5 No lasing
> 0 < 0 = 0 Single-mode Higher gthwith bigger k
> 0 < 0 6= 0 Single-mode Lower gthwith bigger 4k
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.Chapter 4
4 Lasing Behavior
4.1 Lasing Action
The laser (Light Amplification by Stimulated Emission of Radiation) happens when
spontaneous emission occurs inside a gain medium and confined by mirrors. Once
these spontaneous photons go back and forth through this gain medium, an other
emission happens. The later emission called stimulated emission; This emission and
the movement of the new generated photons inside the gain medium will amplify the
light by increasing the number of light photons.
As any material, this medium has a loss, which called cavity loss. Once the
injected gain surpasses the cavity loss, the number of free photons increases rapidly
in an exponential manner to emit light. The conditions that are necessary to make
76
the gain pass the loss is called threshold condition; the conditions that are needed
to produce a laser are called lasing conditions [22]. These conditions include gain,
wavenumber detuning, coupling coefficients, and several others, and they change
from one medium to another.
Laser Modes can be single-mode or multi-mode. Also, the traveling wave in
a medium like our case above consists of longitudinal and transverse modes. All
these definition are well known and repeatedly discussed everywhere, so I am just
mentioned them without details. One thing important I have to mention here is
the term of single-mode operation. In chapter 3 of this thesis we reported a single
mode lasing using an active NIM-PIM DC with different coupling coefficients. The
single mode lasing can be divided into two main categories which are:
• single-transverse mode.
• single-longitudinal mode.
Our single-mode lasers have a single transverse and longitudinal mode.
4.2 DFB Resonator
4.2.1 Transmittivity(Lasing Behavior with g and k)
As mentioned in the previous chapter, an active DFB resonator at specific conditions
(threshold values) of gain g, wavenumber detuning 4β, and coupling coefficient k
can lase. The following figure depicts the maximum transmittivity of an active DFB
resonator vs. the normalized gain. The figure introduces two important things:
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• The lasing behavior of active DFB resonators. This can be seen clearly from
the exponential shape that the maximum transmittivity take.
• The exact values of gain g, wavenumber detuning 4β, and coupling coefficient
k that leads to lase (threshold values).
Figure 4.1: Lasing behavior: active DFB resonator with k=3
4.2.2 Lasing Boundary Conditions and Specific Solution
Boundary conditions in lasing mean that there is no injected light in the cavity
structure; this can be mathematically expressed as the following:
A(ζ = 0) = 0 (4.1)
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B(ζ = 1) = 0. (4.2)
Applying the lasing boundary condition to the general solution of DFB resonator,
(3.3), yields:
A(ζ) = A1e
iqζ + A2e
−iqζ
0 = A1 + A2
A2 = −A1.
Now, we can rewrite A(ζ) as follows:
A(ζ) = A1e
iqζ − A1e−iqζ
A(ζ) = A1(e
iqζ − e−iqζ). (4.3)
Applying the lasing boundary condition to the general solution of DFB resonator,
equation (3.4), yields:
B(ζ) = B1e
iqζ +B2e
−iqζ
0 = B1e
iq +B2e
−iq
79
B2 = −B1ei2q.
Now, we can rewrite B(ζ) as follows:
B(ζ) = B1e
iqζ +B2e
−iqζ
B(ζ) = B1e
iqζ + (−B1ei2q)e−iqζ
B(ζ) = B1(e
iqζ − ei(2q−qζ))
B(ζ) = B1e
iq(ei(qζ−q) − e−i(qζ−q)). (4.4)
4.2.3 Effective Reflectivity Coefficients
The effective reflectivity coefficients are expressed by the forward and the backward
propagating waves. These coefficients can be derived using some previously derived
equations such as (3.5), (3.6), (3.7), and (3.8):
ra =
B1
A1
=
q − (4β
2
− ig
2
)
kbf
(4.5)
ra =
B1
A1
= − kfb
q + (4β
2
− ig
2
)
(4.6)
rb =
A2
B2
= − kbf
q + (4β
2
− ig
2
)
(4.7)
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rb =
A2
B2
=
q − (4β
2
− ig
2
)
kfb
, (4.8)
where ra and rb represent the effective reflectivity coefficient of forward and backward
propagating modes, respectively. Substituting these above coefficients ra and rb into
the general solutions (2.21), (2.22), (3.3), and (3.4) yields:
A(ζ) = A1e
iqζ + rbB2e
−iqζ (4.9)
B(ζ) = raA1e
iqζ +B2e
−iqζ . (4.10)
Applying the lasing boundary conditions to equation (4.10) yields:
0 = raA1e
iq +B2e
−iq
B2 = −raA1ei2q. (4.11)
Applying the lasing conditions to equation (4.9) and substitute the value of B2 from
equation (4.11) yields:
0 = A1 + rbB2
0 = A1 + rb(−raA1ei2q)
0 = A1(1− rarbei2q)
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rarbe
i2q = 1. (4.12)
4.2.4 Transcendental Eigenvalue Equation
The normalized coupled-mode equation for the forward propagation mode of an
active DFB resonator is:
dA
dζ
= i(
4β
2
− ig
2
)A+ ikbfB.
Substituting equations (4.3) and (4.4) into the above equation yields:
d
dζ
[A1(e
iqζ − e−iqζ)] = i(4β
2
− ig
2
)[A1(e
iqζ − e−iqζ)] + ikbfB1eiq(ei(qζ−q) − e−i(qζ−q)).
Differentiating the above equation yields:
(iq)A1(e
iqζ + e−iqζ) = i(
4β
2
− ig
2
)[A1(e
iqζ − e−iqζ)] + ikbfB1eiq(ei(qζ−q) − e−i(qζ−q))
(iq)A1(e
iqζ + e−iqζ)− i(4β
2
− ig
2
)[A1(e
iqζ − e−iqζ)] = ikbfB1eiq(ei(qζ−q) − e−i(qζ−q))
(iq)A1(e
iqζ + e−iqζ) + A1(−i4β
2
− g
2
)(eiqζ − e−iqζ) = ikbfB1eiq(ei(qζ−q) − e−i(qζ−q)).
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Equating the coefficients of eiqζ yields:
(iq)A1 + A1(−i4β
2
− g
2
) = ikbfB1e
iq(e−iq)
(iq)A1 + (−i4β
2
− g
2
)A1 = ikbfB1. (4.13)
Equating the coefficients of e−iqζ yields:
(iq)A1 − A1(−i4β
2
− g
2
) = −ikbfB1eiq(e+iq)
(iq)A1 − (−i4β
2
− g
2
)A1 = −ikbfB1ei2q. (4.14)
The normalized coupled-mode equation for the backward propagation mode of an
active DFB resonator is:
−dB
dζ
= i(
4β
2
− ig
2
)B + ikfbA.
Substituting equations (4.3) and (4.4) into the above equation yields:
− d
dζ
[B1e
iq(ei(qζ−q)−e−i(qζ−q))] = i(4β
2
−ig
2
)[B1e
iq(ei(qζ−q)−e−i(qζ−q)]+ikfbA1(eiqζ−e−iqζ).
Differentiating the above equation yields:
−(iq)B1eiq(ei(qζ−q)+e−i(qζ−q))−i(4β
2
−ig
2
)[B1e
iq(ei(qζ−q)−e−i(qζ−q)] = ikfbA1(eiqζ−e−iqζ)
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−(iq)B1eiq(ei(qζ−q)+e−i(qζ−q))+(−i4β
2
−g
2
)[B1e
iq(ei(qζ−q)−e−i(qζ−q)] = ikfbA1(eiqζ−e−iqζ).
Equating the coefficients of eiqζ yields:
−(iq)B1eiq(e−iq) + (−i4β
2
− g
2
)B1e
iq(e−iq) = ikfbA1
−(iq)B1 + (−i4β
2
− g
2
)B1 = ikfbA1. (4.15)
Equating the coefficients of e−iqζ yields:
−(iq)B1eiq(eiq)− (−i4β
2
− g
2
)B1e
iq(eiq) = −ikfbA1.
Multiplying the whole equation by e−i2q yields:
−(iq)B1 − (−i4β
2
− g
2
)B1 = −ikfbA1e−i2q. (4.16)
Now, adding equations (4.13) and (4.14) yields:
2(iq)A1 = −ikbfB1ei2q + ikbfB1
2(iq)A1 = ikbfB1(1− ei2q)
2(iq)A1 = ikbfB1e
iq(e−iq − eiq)
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2(q)A1 = −kbfB1eiq(eiq − e−iq).
Using Euler's formula sin(x) = e
ix−e−ix
2i
yields:
2(q)A1 = −kbfB1eiq(2i)sin(q)
(iq)A1 = kbfB1e
iqsin(q). (4.17)
Now, adding equations (4.15) and (4.16) yields:
−2(iq)B1 = ikfbA1 − ikfbA1e−i2q
−2(iq)B1 = ikfbA1(1− e−i2q)
−2(q)B1 = kfbA1e−iq(eiq − e−iq).
Using Euler's formula sin(x) = e
ix−e−ix
2i
yields:
−2(q)B1 = kfbA1e−iq(2i)sin(q)
(iq)B1 = kfbA1e
−iqsin(q)
(iq) = kfb
A1
B1
e−iqsin(q). (4.18)
The transcendental equation above provides a numerical solution for the DFB thresh-
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old modes by mapping the eigen-value q to the lasing factors g, 4β, and k.
4.3 NIM-PIM DC
4.3.1 Transmittivity (Lasing Behavior with g and k)
In this section, the lasing behavior of the NIM-PIM DC in all possible scenarios at
threshold value of 4β for each one is shown by some MATLAB plots. It clearly
shows that stable systems can be achieved by scenarios 1,2,3, and 4, while some
unstable behavior has shown in 5th and 6th scenarios where some loss introduces in
the NIM waveguide. The following set of figures demonstrate the following:
• NIM-PIM DC can lase at many different scenarios of gain g, wavenumber
detuning 4β, and coupling coefficients kab and kba.
• Multi lasing modes happen when eigen-value q′ is real number (not complex)
and when it changes over a huge range.
• Single lasing mode happens when loss is introduces in NIM waveguide with
absolute value ≤ the gain in PIM waveguide.
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Scenario #1: gp = gn = g and 4k 6= 0.
Figure 4.2: An active NIM-PIM DC scenario #1 lasing behavior, forward-wave.
Figure 4.3: An active NIM-PIM DC scenario #1 lasing behavior,backward-wave
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Scenario #2: gp = gn = g and 4k 6= 0.
Figure 4.4: An active NIM-PIM DC scenario #2 lasing behavior, forward-wave.
Figure 4.5: An active NIM-PIM DC scenario #2 lasing behavior, backward-wave.
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Scenario #3: gp = g, gn = 0, and 4k = 0.
Figure 4.6: An active NIM-PIM DC scenario #3 lasing behavior, forward-wave.
Figure 4.7: An active NIM-PIM DC scenario #3 lasing behavior, backward-wave.
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Scenario #4: gp = g, gn = 0, and 4k 6= 0.
Figure 4.8: An active NIM-PIM DC scenario #4 lasing behavior, forward-wave.
Figure 4.9: An active NIM-PIM DC scenario #4 lasing behavior, backward-wave.
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Scenario #5: gp = g, gn = −g, and 4k = 0.
Figure 4.10: An active NIM-PIM DC scenario #5 lasing behavior, forward-wave.
Figure 4.11: An active NIM-PIM DC scenario #5 lasing behavior, backward-wave.
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Scenario #6: gp = g, gn = −g, and 4k 6= 0.
Figure 4.12: An active NIM-PIM DC scenario #6 lasing behavior, forward-wave.
Figure 4.13: An active NIM-PIM DC scenario #6 lasing behavior, backward-wave.
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Figure 4.14: An active NIM-PIM DC:q′ values vs. g at 4βth , gp = gn and different
kab, and kba.
Figure 4.15: An active NIM-PIM DC:q′ values vs. g at 4βth , gp = g , gn = 0, and
different kab, and kba.
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Figure 4.16: An active NIM-PIM DC:q′ values vs. g at 4βth , gp = g , gn = −g, and
different kab, and kba.
4.3.2 Lasing Boundary Conditions and Specific Solution
Applying the same boundary conditions as those of the DFB resonator, the boundary
conditions for NIM-PIM DC are as follows:
A(ζ = 0) = 0
B(ζ = 1) = 0.
Applying the lasing boundary condition to the general solution of the NIM-PIM DC,
equation (3.17), yields:
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A(ζ) = A1e
iqζ + A2e
−iqζ
0 = A1 + A2
A2 = −A1.
Now, we can rewrite A(ζ) as follows:
A(ζ) = A1e
iqζ − A1e−iqζ
A(ζ) = A1(e
iqζ − e−iqζ). (4.19)
Applying the lasing boundary condition to the general solution of the NIM-PIM DC,
equation (3.18), yields:
B(ζ) = B1e
iq′ζ +B2e
−iq′ζ
0 = B1e
iq′ +B2e
−iq′
B2 = −B1ei2q′ .
Now, we can rewrite B(ζ) as follows:
B(ζ) = B1e
iq′ζ +B2e
−iq′ζ
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B(ζ) = B1e
iq′ζ + (−B1ei2q′)e−iq′ζ
B(ζ) = B1(e
iq′ζ − ei(2q′−q′ζ))
B(ζ) = B1e
iq′(ei(q
′ζ−q′) − e−i(q′ζ−q′)). (4.20)
4.3.3 Effective Reflectivity Coefficients
The effective reflectivity coefficients are expressed by the forward and the backward
propagating waves. These coefficients can be derived using some previously derived
equations such as (3.28), (3.29), (3.30), and (3.31):
ra =
B1
A1
=
q − (4β
2
− igp
2
)
kba
(4.21)
ra =
B1
A1
= − kab
q′ + (4β
2
− ign
2
)
(4.22)
rb =
A2
B2
= − kba
q + (4β
2
− igp
2
)
(4.23)
rb =
A2
B2
=
q′ − (4β
2
− ign
2
)
kab
. (4.24)
Substituting these above coefficients ra and rb into the general solutions (3.17) and
(3.18) yields:
A(ζ) = A1e
iqζ + rbB2e
−iqζ (4.25)
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B(ζ) = raA1e
iq′ζ +B2e
−iq′ζ . (4.26)
Applying the lasing boundary conditions to equation (4.26) yields:
0 = raA1e
iq′ +B2e
−iq′
B2 = −raA1ei2q′ . (4.27)
Applying the lasing conditions to equation (4.25) and substitute the value of B2 from
equation (4.27) yields:
0 = A1 + rbB2
0 = A1 + rb(−raA1ei2q′)
0 = A1(1− rarbei2q′)
rarbe
i2q′ = 1. (4.28)
4.3.4 Transcendental Eigenvalue Equation
The normalized coupled-mode equation for a PIM waveguide in an active NIM-PIM
DC is:
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dA
dζ
= i(
4β
2
− igp
2
)A+ ikbaB.
Substituting equations (4.19) and (4.20) into the above equation yields:
d
dζ
[A1(e
iqζ−e−iqζ)] = i(4β
2
− igp
2
)[A1(e
iqζ−e−iqζ)]+ ikbaB1eiq′(ei(q′ζ−q′)−e−i(q′ζ−q′)).
Differentiating the above equation yields:
(iq)A1(e
iqζ + e−iqζ) = (i
4β
2
+
gp
2
)[A1(e
iqζ − e−iqζ)] + ikbaB1eiq′(ei(q′ζ−q′)− e−i(q′ζ−q′)).
Using the relationship between q and q′, equation (3.38) yields:
(iq)A1(e
i(q′−q′H)ζ + e−i(q
′−q′H)ζ) =
(i
4β
2
+
gp
2
)[A1(e
i(q′−q′H)ζ − e−i(q′−q′H)ζ)] + ikbaB1eiq′(ei(q′ζ−q′) − e−i(q′ζ−q′))
(iq)A1(e
i(q′−q′H)ζ + e−i(q
′−q′H)ζ) + (−i4β
2
− gp
2
)[A1(e
i(q′−q′H)ζ − e−i(q′−q′H)ζ)] =
ikbaB1e
iq′(ei(q
′ζ−q′) − e−i(q′ζ−q′)).
Equating the coefficients of eiq
′ζ yields:
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(iq)A1e
−iq′Hζ + (−i4β
2
− gp
2
)A1e
−iq′Hζ = ikbaB1eiq
′
e−iq
′
(iq)A1 + (−i4β
2
− gp
2
)A1 = ikbaB1e
iq′(e−i(q
′−q′Hζ)). (4.29)
Equating the coefficients of e−iq′ζ yields:
(iq)A1e
iq′Hζ − (−i4β
2
− gp
2
)A1e
iq′Hζ = −ikbaB1eiq′eiq′
(iq)A1 − (−i4β
2
− gp
2
)A1 = −ikbaB1eiq′(ei(q′−q′Hζ)). (4.30)
Adding equations (4.29) and (4.30) yields:
2(iq)A1 = ikbaB1e
iq′(e−i(q
′−q′H)ζ − ei(q′−q′H)ζ)
2(q)A1 = −kbaB1eiq′(ei(q′−q′Hζ) − e−i(q′−q′Hζ)).
Using Euler's formula sin(x) = e
ix−e−ix
2i
yields:
2(q)A1 = −kbaB1eiq′(2i)sin(q′ − q′Hζ)
(iq) = kba
B1
A1
eiq
′
sin(q′ − q′Hζ). (4.31)
The normalized coupled-mode equation for a PIM waveguide in an active NIM-PIM
DC is:
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−dB
dζ
= i(
4β
2
− ign
2
)B + ikabA.
Substituting equations (4.19) and (4.20) into the above equation yields:
− d
dζ
[B1e
iq′(ei(q
′ζ−q′)−e−i(q′ζ−q′))] = i(4β
2
−ign
2
)[B1e
iq′(ei(q
′ζ−q′)−e−i(q′ζ−q′)]+ikabA1(eiqζ−e−iqζ).
Differentiating the above equation yields:
−(iq′)B1eiq′(ei(q′ζ−q′)+e−i(q′ζ−q′)) = i(4β
2
−ign
2
)[B1e
iq′(ei(q
′ζ−q′)−e−i(q′ζ−q′)]+ikabA1(eiqζ−e−iqζ).
Using the relationship between q and q′, equation (3.38) yields:
−(iq′)B1eiq′(ei(q′ζ−q′) + e−i(q′ζ−q′)) =
i(
4β
2
− ign
2
)[B1e
iq′(ei(q
′ζ−q′) − e−i(q′ζ−q′)] + ikabA1(ei(q′−q′H)ζ − e−i(q′−q′H)ζ)
−(iq′)B1eiq′(ei(q′ζ−q′) + e−i(q′ζ−q′)) + (−i4β
2
− gn
2
)[B1e
iq′(ei(q
′ζ−q′) − e−i(q′ζ−q′)] =
ikabA1(e
i(q′−q′H)ζ − e−i(q′−q′H)ζ).
Equating the coefficients of eiq
′ζ yields:
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−(iq′)B1eiq′e−iq′ + (−i4β
2
− gn
2
)B1e
iq′e−iq
′
= ikabA1e
−iq′Hζ
−(iq′)B1 + (−i4β
2
− gn
2
)B1 = ikabA1e
−iq′(ei(q
′−q′Hζ)). (4.32)
Equating the coefficients of e−iq′ζ yields:
−(iq′)B1eiq′eiq′ − (−i4β
2
− gn
2
)B1e
iq′eiq
′
= −ikabA1eiq′Hζ
−(iq′)B1 − (−i4β
2
− gn
2
)B1 = −ikabA1e−iq′(e−i(q′−q′Hζ)). (4.33)
Adding equations (4.32) and (4.33) yields:
−2(iq′)B1 = ikabA1e−iq′(ei(q′−q′Hζ) − e−i(q′−q′Hζ))
−2(q′)B1 = kabA1e−iq′(ei(q′−q′Hζ) − e−i(q′−q′Hζ)).
Using Euler's formula sin(x) = e
ix−e−ix
2i
yields:
−2(q′)B1 = kabA1e−iq′(2i)sin(q′ − q′Hζ)
(iq′) = kab
A1
B1
e−iq
′
sin(q′ − q′Hζ). (4.34)
The transcendental equations above, equation (4.31) and equation (4.34) provide a
numerical solution for the active NIM-PIM DC threshold modes by mapping the
eigen-value q to the lasing factors g, 4β, kab, and kba.
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4.4 Lasing Behavior Comparison (NIM-PIM DC and DFB
Resonator)
In this section, a brief comparison between the two structures has been made. The
main goal of this comparison is to link the lasing behavior of an active NIM-PIM
DC which is introduced for the first time with the well know DFB lasing behavior.
This shows mathematically that thesis results are correct and they can be applied.
• Case#1: Active NIM-PIM DC with gp = gn = g, and kab = kba = k, with
Active DFB Resonator:
Starting with equation (3.39), we have:
q′ = ±
√
(
(4β
2
)2 − (kabkba)− (4β2 )(igp2 + ign2 )− (gpgn4 )
(1−H) ).
Applying the case conditions yields:
q′ = ±
√
(
(4β
2
)2 − (k)2 − (4β
2
)(ig)− (g
2
)2
(1−H) ).
Recall equation (3.37)
H =
(igp
2
− ign
2
)
(4β
2
− ign
2
)
.
Applying the case conditions yields:
H = 0.
Substituting the H value yields:
q′ = ±
√
(
(4β
2
)2 − (k)2 − (4β
2
)(ig)− (g
2
)2
1
).
q′ = ±
√
(
4β
2
− ig
2
)2 − (k)2. (4.35)
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Also, recall equation (3.43) and (3.44), we have:
T =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣q′∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ign2 )sinh(−iq′)∣∣∣2 .
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣kabsinh(−iq′)∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ign2 )sinh(−iq′)∣∣∣2 .
Applying the case conditions yields:
T =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣q′∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ig2)sinh(−iq′)∣∣∣2 . (4.36)
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣ksinh(−iq′)∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ig2)sinh(−iq′)∣∣∣2 . (4.37)
Comparing DFB structure's equations (3.9), (3.13), (3.14) respectively with NIM-
PIM DC equations (4.35), (4.36), and (4.37) shows that they are the same at the
case conditions. The three lasing govern equations q, T , and R are the same, so the
lasing behavior of both structures should be the same.
• Case#2: NIM-PIM DC with gp = −gn = g, and kab = kba = k, and Active
DFB Resonator with coupling coefficient of ik:
Following the same steps as section (3.1) to obtain q , T , and R for DFB resonator
with ik as a coupling coefficient we get:
q = ±
√
(
4β
2
− ig
2
)2 + (k)2. (4.38)
T =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣q′∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ig2)sinh(−iq′)∣∣∣2 . (4.39)
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R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣ksinh(−iq′)∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ig2)sinh(−iq′)∣∣∣2 . (4.40)
Now, NIM-PIM DC equations with gp = −gn = g, and kab = kba = k yields:
Starting with equation (3.37), we have:
H =
(igp
2
− ign
2
)
(4β
2
− ign
2
)
.
Substituting the case conditions yields:
H =
ig
(4β
2
+ ig
2
)
.
Substituting the new H and the case conditions into equation (3.39) yields:
q′ = ±
√√√√((4β2 )2 − (k)2 − 0−+(g2)2
(1− ig
(4β
2
+i g
2
)
)
).
q′ = ±
√√√√√((4β2 )2 + (g2)2 − (k)2
(
4β
2
+i g
2
−ig
(4β
2
+i g
2
)
)
).
q′ = ±
√√√√√(4β2 )2 + (g2)2 − (k)2(4β
2
−i g
2
)
(4β
2
+i g
2
)
.
Now, using the sum of squares formula yields:
(
4β
2
)2 + (
g
2
)2 = (
4β
2
+ i
g
2
)(
4β
2
− ig
2
)
q′ = ±
√√√√√(4β2 + ig2)(4β2 − ig2)− (k)2(4β
2
−i g
2
)
(4β
2
+i g
2
)
.
q′ = ±
√√√√(4β
2
+ i
g
2
)(
4β
2
− ig
2
)(
4β
2
+ ig
2
4β
2
− ig
2
)− (k)2(
4β
2
+ ig
2
4β
2
− ig
2
).
q′ = ±
√√√√(4β
2
+ i
g
2
)2 − (k)2(
4β
2
+ ig
2
4β
2
− ig
2
). (4.41)
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Now, chapter three demonstrates the single mode lasing with NIM-PIM DC like the
single mode lasing of DFB resonator with coupling coefficient of ik when4β = 0. So,
applying this condition into the eigen-value equations of both structures, equation
(4.38) and (4.41) yields:
Equation (4.38) becomes:
q = ±
√
(i
g
2
)2 + (k)2. (4.42)
Equation (4.41) becomes:
q′ = ±
√
(i
g
2
)2 + (k)2. (4.43)
The two eigen-values of both structures are the same.
Applying the condition 4β = 0, into transmittivity T and reflectivity R of both
structures gives the same results which are:
T =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣q′∣∣2∣∣q′cosh(−iq′)− ig
2
sinh(−iq′)∣∣2 . (4.44)
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣ksinh(−iq′)∣∣2∣∣q′cosh(−iq′)− ig
2
sinh(−iq′)∣∣2 . (4.45)
From above analyzing, the following can be concluded. An active NIM-PIM DC
with gp = gn = g, and kab = kba = k acts like an active DFB resonator, and they
give exactly the same multimode lasing behavior. An active NIM-PIM DC with
gp = −gn = g, kab = kba = k, and 4β = 0 acts like an active DFB Resonator
with coupling coefficient of ik, and they give exactly the same single mode lasing
behavior.
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Appendix
A Coupled-Mode Equations
As was explained in Chapter 2: The concept of mode coupling describes the propa-
gation of light in optical waveguides and optical cavities when perturbation occurs.
In the unperturbed cases, the light in each waveguide is totally independent on the
light in the other waveguide, but when the perturbation occurs by bringing the two
waveguides very close to each other, coupling happens and the properties of the
light in this new system will be described by coupled-mode equations, and the case
changed from unperturbed to perturbed case.
All the waveguide structures that are discussed in this thesis belong to a class
of waveguides known as cylindrical dielectric waveguides. The electromagnetic fields
can be defined mathematically by two ways, either using e−iωt or using eiωt for the
time-dependent phasor. In this appendix, the two conventions have been discussed
and the final solution has been derived.
A.1 Coupled-Mode Equations with e−iωt Convention
Starting with the basic electromagnetic field equations and basic form of Maxwell's
equations we have [8]:
e = Ee−iωt (A.1)
h = He−iωt (A.2)
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∇× e = −µ∂h
∂t
(A.3)
∇× h = ∂e
∂t
· (A.4)
Let E and H represent the unperturbed field, while E ′ and H ′ represent the per-
turbed field in our coming discussion.
Now, substituting equations (A.1) and (A.2) into equations (A.3) and (A.4) yields:
∇× (Ee−iωt) = −µ ∂
∂t
(He−iωt)
∇× Ee−iωt = −µH(−iω)e−iωt
∇× E = iωµH. (A.5)
Also,
∇× (He−iωt) =  ∂
∂t
(Ee−iωt)
∇×He−iωt = E(−iω)e−iωt
∇×H = −iωE. (A.6)
Now, using the same strategy with the perturbed fields yields:
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∇× E ′ = iωµH ′ (A.7)
∇×H ′ = −iω′E ′, (A.8)
where  and ′ is the permittivity of the unperturbed and perturbed waveguide
respectively·
To get our final form of the coupled-mode equations, we have to derive the
Lorentz reciprocity theorem which can be obtained for cylindrical waveguides as
follows [8]:
E∗ · (eq#8)−H ′ · (eq#5)∗ −H∗ · (eq#7) + E ′ · (eq#6)∗
(E∗·∇×H ′−H ′·∇×E∗)−(H∗·∇×E ′−E ′·∇×H∗) = (−iω′E ′E∗+iωµH∗H ′)−(iωµH∗H ′−iωE ′E∗)
(E∗·∇×H ′−H ′·∇×E∗)−(H∗·∇×E ′−E ′·∇×H∗) = −iω′E ′E∗+iωµH∗H ′−iωµH∗H ′+iωE ′E∗)
(E∗ · ∇×H ′−H ′ · ∇×E∗)− (H∗ · ∇×E ′−E ′ · ∇×H∗) = (−iω′E ′E∗+ iωE ′E∗)
(E∗ ·∇×H ′−H ′ ·∇×E∗)− (H∗ ·∇×E ′−E ′ ·∇×H∗) = −iω(′− )E∗E ′· (A.9)
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Equation (A.9) can be further simplified by using the vector identity
∇ · (A×B) = B · ∇ × A− A · ∇ ×B
∇ · (B × A) = A · ∇ ×B −B · ∇ × A
∇ · (A×B) = −∇ · (B × A).
Now, The equation (A.9) can be rewritten as follows:
∇ · (H ′ × E∗)−∇(E ′ ×H∗) = −iω(′ − )E∗ · E ′.
Multiplying all terms by (-1) yields:
∇ · (E∗ ×H ′) +∇(E ′ ×H∗) = +iω(′ − )E∗ · E ′.
∇ · [E∗ ×H ′ + E ′ ×H∗] = +iω(′ − )E∗ · E ′. (A.10)
Integrating both sides of equation (A.10) over a volume V yields:
˚
V
∇ · [E∗ ×H ′ + E ′ ×H∗]dV =
˚
V
+iω(′ − )E∗ · E ′dV. (A.11)
Making use of Gauss' theorem:
˚
V
(∇ · A)dV =
‹
S
A · dS.
Now, equation (A.11) can be rewritten as follows:
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‹
S
[E∗ ×H ′ + E ′ ×H∗] · dS = +iω
˚
V
(′ − )E∗ · E ′dV. (A.12)
The relation in equation (A.12) is known as the Lorentz Reciprocity Theorem. For
a cylindrical waveguides structure, we integrate over a surface of a circular cylinder
with infinite radius centered in the z axis of the structure and with an infinitesi-
mal width represented as 4z. Fig. (A.1) shows the evaluated surface of Lorentz
reciprocity theorem.
Figure A.1: Surface over which lorentz reciprocity theorem is to be evaluated.
From this definition we break down the surface integration on the right hand side of
equation (A.12) as follows:
‹
S
=
¨
S1
+
¨
S2
+
¨
S3
.
As the fields decay exponentially, the surface S3 which is far from the waveguide
center by r =∞ can be neglected, so we are left with this surface integration:
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‹
S
=
¨
S1
+
¨
S2
.
Let us define the following:
E∗ ×H ′ + E ′ ×H∗ = F (x, y, z). (A.13)
Applying this relation to the left hand side of equation (A.12) yields:
¨
F (x, y, z) · dS = −
¨
S1
Fz(x, y, z) · dS +
¨
S2
Fz(x, y, z) · dS.
The two surfaces S1 and S2 are the same. The only difference is the position of
each one of them in relation to the z axis. This fact allows us to simplify the above
equation to be as follows:
¨
F (x, y, z) · dS = −
¨
S
Fz(x, y, z) · dS +
¨
S
Fz(x, y, z +4z) · dS. (A.14)
Now, by substituting equation (A.14) into equation (A.12) and taking the limit of
both sides as 4z approaches 0 yields:
lim4z→0
¨
s
[Fz(x, y, z+4z)−Fz(x, y, z)] ·dS = +iω4z
¨
S
(′−)E∗ ·E ′dS, (A.15)
where the volume integration on the right hand side becomes a surface integration
multiplied by 4z · Dividing both sides by 4z yields:
¨
s
∂
∂z
Fz(x, y, z) · dS = +iω
¨
S
(′ − )E∗ · E ′dS. (A.16)
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For more simplification, we know that any field can be represented as Ax = At+zAz
, and the cross product of two fields of this kind will eliminate the z component of
these fields· This yields:
(A×B)z = At ×Bt.
Applying this definition on equation (A.15) and using the exact value of F (x, y, z)
from equation (A.13) we can write the Lorentz Reciprocity Theorem for the cylin-
drical waveguides as follows:
¨
s
∂
∂z
[E∗t ×H ′ + E ′t ×H∗] · zdS = +iω
¨
S
(′ − )E∗ · E ′dS. (A.17)
The electromagnetic fields of an unperturbed system E and H, and the electromag-
netic field of a perturbed systems E ′ and H ′ for n and m modes respectively can be
expressed as follows[8]:
E(x, y, z) = en(x, y)e
iβznz (A.18)
H(x, y, z) = hn(x, y)e
iβznz (A.19)
E ′(x, y, z) =
∑
m
Eam(z)em(x, y)e
iβznz (A.20)
H ′(x, y, z) =
∑
m
Eam(z)hm(x, y)e
iβznz (A.21)
Substituting equations (A.18), (A.19), (A.20), and (A.21) into equation (A.17) yields:
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¨
s
∂
∂z
[(e∗ne
−iβznz ×
∑
m
Eam(z)hme
iβzmz) + (
∑
m
Eam(z)eme
iβzmz × h∗ne−iβznz)] · zdS =
+iω
¨
S
(′ − )(
∑
m
Eam(z)eme
iβzmz · e∗ne−iβznz) · dS.
∂
∂z
(
∑
m
Eam(z)e
−i4βz)
¨
s
[(e∗n × hm) + (em × h∗n)] · zdS =
iω
∑
m
Eam(z)e
−i4βz
¨
s
(′ − )(em · e∗n) · dS
where, 4β = βzn − βzm, Now applying the derivation on the left hand side yields:
∑
m
[Eam(z) · e−i4βz(−i4βz) + e−i4βz · (dEam(z)
dz
)]
¨
s
[(e∗n×hm) + (em×h∗n)]. · zdS =
iω
∑
m
Eam(z)e
−i4βz
¨
s
(′ − )(em · e∗n) · dS
∑
m
[(−i4βz)Eam(z) + (dEam(z)
dz
)]e−i4βz
¨
s
[(e∗n × hm) + (em × h∗n)]. · zdS =
iω
∑
m
Eam(z)e
−i4βz
¨
s
(′ − )(em · e∗n) · dS (A.22)
The mode orthogonality relation for dielectric waveguides can be expressed as:
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¨
s
(em × h∗n) · zdS = 2Psgn(n)δ|m||n|. (A.23)
This relationship was normalized to have 2P = 1, this yields:
¨
s
(em × h∗n) · zdS = sgn(n)δ|m||n|
Also,
¨
s
[(e∗n × hm) + (em × h∗n)] · zdS = 2sgn(n)δ|m||n| (A.24)
Substituting equation (A.24) into equation (A.22), and making use of δ|m||n| function
properties yields:
dEam(z)
dz
(2sgn(n)) = iω
∑
m
Eam(z)e
−i4βz
¨
s
(′ − )(em · e∗n) · dS
dEam(z)
dz
= i
∑
m
Eam(z)e
−i4βzω
2
sgn(n)
¨
s
(′ − )(em · e∗n) · dS
dEam(z)
dz
= i
∑
m
Eam(z)e
−i4βzkmn, (A.25)
where
kmn =
ω
2
sgn(n)
¨
s
(′ − )(em · e∗n) · dS.
The equation (A.25) can be rewritten as the following:
dEa(z)
dz
= i[Ea(z)kaa + Eb(z)e
−i4βzkba] (A.26)
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due to the fact that kaa  kba, equation (A.26) becomes:
dEa(z)
dz
= ikbae
−i4βzEb(z). (A.27)
Equation (A.27) is for a field in waveguide A, and for a field in waveguide B, the
equation is:
dEb(z)
dz
= ikabe
i4βzEa(z) (A.28)
By looking at equations (A.27) and (A.28) we can see that they are the same as
equations (2.1) and (2.2).
A.2 Coupled-Mode Equations with eiωt Convention
Starting with the basic electromagnetic field equations and basic form of Maxwell's
equations we have:
e = Eeiωt (A.29)
h = Heiωt (A.30)
∇× e = −µ∂h
∂t
(A.31)
∇× h = ∂e
∂t
· (A.32)
Following the same steps in section (A.1) with considering the new definition of time
dependent phasor, the coupled-mode equations are expressed as the following:
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dEa(z)
dz
= −ikbaei4βzEb(z) (A.33)
dEb(z)
dz
= −ikabe−i4βzEa(z) (A.34)
Starting with either time phasor dependent and/or coupled-mode equation form, and
following the same steps of chapter 2, the derived eigen value, transmittivity, and
reflectivity for a structure will be the same.
B Eigen-value, Transmittivity, and Reflectivity of
Lasing Scenarios
• Scenario #1: gp = gn = g and 4k = 0.
H = 0 (B.1)
q′ = ±
√
[(
4β
2
)2 − (k)2 − (4β
2
)(ig)− (g
2
)2. (B.2)
T =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣q′∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ig2)sinh(−iq′)∣∣∣2 . (B.3)
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣ksinh(−iq′)∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ig2)sinh(−iq′)∣∣∣2 . (B.4)
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• Scenario #2: gp = gn = g and 4k 6= 0.
H = 0 (B.5)
q′ = ±
√
[(
4β
2
)2 − (kabkba)− (4β
2
)(ig)− (g
2
)2. (B.6)
T =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣q′∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ig2)sinh(−iq′)∣∣∣2 . (B.7)
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣kabsinh(−iq′)∣∣2∣∣∣q′cosh(−iq′) + (4β2 − ig2)sinh(−iq′)∣∣∣2 . (B.8)
• Scenario #3: gp = g, gn = 0, and 4k = 0.
H = i
gp
4β . (B.9)
q′ = ±
√
(
(4β
2
)2 − (k)2 − (4β
2
)(igp
2
)
(1−H) ). (B.10)
T =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣q′∣∣2∣∣∣q′cosh(−iq′) + (4β2 )sinh(−iq′)∣∣∣2 . (B.11)
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣ksinh(−iq′)∣∣2∣∣∣q′cosh(−iq′) + (4β2 )sinh(−iq′)∣∣∣2 . (B.12)
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• Scenario #4: gp = g, gn = 0, and 4k 6= 0.
H = i
gp
4β . (B.13)
q′ = ±
√
(
(4β
2
)2 − (kabkba)2 − (4β2 )(igp2 )
(1−H) ). (B.14)
T =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣q′∣∣2∣∣∣q′cosh(−iq′) + (4β2 )sinh(−iq′)∣∣∣2 . (B.15)
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣kabsinh(−iq′)∣∣2∣∣∣q′cosh(−iq′) + (4β2 )sinh(−iq′)∣∣∣2 . (B.16)
• Scenario #5: gp = g, gn = −g, and 4k = 0.
H =
ig
(4β
2
+ ig
2
)
. (B.17)
q′ = ±
√
(
(4β
2
)2 − (k)2 − (4β
2
) + (g
2
)2
(1−H) ). (B.18)
T =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣q′∣∣2∣∣∣q′cosh(−iq′) + (4β2 + ig2)sinh(−iq′)∣∣∣2 . (B.19)
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣ksinh(−iq′)∣∣2∣∣∣q′cosh(−iq′) + (4β2 + ig2)sinh(−iq′)∣∣∣2 . (B.20)
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• Scenario #6: gp = g, gn = −g, and 4k 6= 0
H =
ig
(4β
2
+ ig
2
)
. (B.21)
q′ = ±
√
(
(4β
2
)2 − (kabkba)2 − (4β2 ) + (g2)2
(1−H) ). (B.22)
T =
PA(ζ = 1)
PA(ζ = 0)
=
∣∣q′∣∣2∣∣∣q′cosh(−iq′) + (4β2 + ig2)sinh(−iq′)∣∣∣2 . (B.23)
R =
PB(ζ = 0)
PA(ζ = 0)
=
∣∣kabsinh(−iq′)∣∣2∣∣∣q′cosh(−iq′) + (4β2 + ig2)sinh(−iq′)∣∣∣2 . (B.24)
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